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Abstract—Performing surgery on the beating heart has signif-
icant advantages for the patient compared to traditional heart
surgery on the stopped heart. A remote-controlled robot can
be used to automatically cancel out the movement of the beating
heart. This necessitates precise tracking of the heart surface. For
this purpose, we track 24 identical artificial markers placed on
the heart. This creates a data association problem, because it is
not known which measurement was obtained from which marker.
To solve this problem, we apply a multiple target tracking method
based on a symmetric kernel transformation. This method allows
efficient handling of the data association problem even for
a reasonably large number of targets. We demonstrate how
to implement this method efficiently. The proposed approach
is evaluated on in-vivo data of a real beating heart surgery
performed on a porcine beating heart.

Index Terms—symmetric measurement equation, data associ-
ation, medical image processing

I. INTRODUCTION

We consider a medical application of multiple target track-
ing. In 2001, Nakamura et al. suggested a remote-controlled
robot could be employed to automatically cancel out the
motion of the heart during beating heart surgery [1]. The
suggested system would have significant advantages for the
patient, because in conventional operations, the heart has to
be stopped, which can cause various additional health risks.
To create such a system, accurate tracking of the beating heart
is crucial [2]. For this purpose, we place 24 closely spaced
identical markers on the heart surface (see Fig. 1). We suggest
the use of the Kernel-SME (symmetric measurement equation)
method [3] to track multiple markers while considering data
association uncertainties.

Simultaneous tracking of multiple targets is of interest in a
variety of applications, such as air traffic surveillance, image
processing, robotics, and biomedical research [4]. The primary
challenge when tracking multiple targets is the association of
measurements to the target from which they originate, i.e.,
the employed sensor gives a set of measurements but is not
able to distinguish which target is responsible for a given
measurement. This data association problem can be addressed
with several different techniques.

On the one hand, there are solutions that explicitly enu-
merate all association hypotheses, such as the JPDAF (joint
probabilistic data association filter) [5], MHT (multiple hy-
pothesis tracker), and some random finite set (RFS) methods
[6]. Unfortunately, enumeration of all association hypotheses
becomes infeasible for a large number of targets, because their

number, and thus the algorithmic complexity, is exponential
in the number of targets. There are some approaches to deal
with this complexity such as Monte Carlo methods [7]. On
the other hand, there are implicit methods that avoid excplicit
consideration of all association hypotheses, such as the PHD
(probability hypothesis density) filter [8].

This paper is based on another implicit method, the SME
approach [9], [10]. In contrast to the plain (C)PHD filter,
the SME approach works with the entire joint target state
vector. This has the advantage compared to the PHD filter that
targets in the state vector remain identifiable across multiple
time steps even though the association between state and
measurement is not known. The idea of the SME approach is to
apply a symmetric transformation to the measurement, i.e., the
transformation is invariant to permutation of the targets. More
specifically, we use a kernel-based symmetric transformation
as introduced in [3].

Our contribution is the following. First of all, we demon-
strate how the Kernel-SME method can be implemented
efficiently to allow real-time tracking of more than 20 closely
spaced targets (markers on the heart surface, in our case).
Furthermore, we apply this multi-target tracking approach to
real data for the first time and evaluate it in a medical setting.
Finally, we extend the analytic solution given in [3] to allow
for correlated targets, i.e., state covariance matrices that are
not block-diagonal.

II. SYSTEM AND MEASUREMENT MODEL

We assume that the number of targets is known a priori
and consider N targets with n-dimensional state vectors
x1k, . . . , x

N
k ∈ Rn. The state vector of the system is given

by xk = [(x1k)T , . . . , (xNk )T ]T ∈ Rn·N . In the considered
application, we assume n = 2 and the state vector consists
of the coordinates of all markers. The state evolves according
to a linear system model

xk+1 = Axk + wk

with independent Gaussian process noise wk. The system
input is implicitly included by state augmentation. The linear
measurement model for the l-th target is given by

yπk(l)
k

= Hl
kx

l
k + vlk ,

where vlk is independent Gaussian measurement noise and Hl
k

is the measurement matrix (in our case, Hl
k is the identity ma-

trix). In the considered application, the association is unknown



because all of the markers on the heart surface are identical
and closely spaced. In order to model the unknown association
between targets and measurements, we use a permutation πk(·)
of {1, . . . , N}, i.e., πk(·) is a bijective map. We propose the
use of a kernel-based symmetric transformation in order to
deal with this data association uncertainty.

III. THE KERNEL-SME METHOD

In this section, we summarize the Kernel-SME method as
introduced in [3].

A. Symmetric Transformation

A symmetric transformation is a function S(y) that maps
the measurement vector to some transformed vector such
that S(y) = S(π(y)) for any permutation π. This means
that S(·) is invariant under permutation. Practically useful
transformation functions have the additional property to retain
any information contained in y except the target association.

The approach of using a symmetric transformation has
previously been suggested in [9] with symmetric polynomial
functions. However, this transformation function does not
perform well for a large number of targets or dimensions,
because it involves polynomials of order N , which leads
to strong nonlinearities. For this reason, we use the kernel
transformation function as suggested in [3]. The idea of the
kernel transformation is to transform the measurement to a
space of functions, more precisely the space of unnormalized
n-dimensional Gaussian mixtures. This is achieved by defining

S(y) := Fy, Fy(z) =
∑N

l=1
N (z; yi,Γ) (1)

for a certain kernel width Γ. It is easy to verify that this trans-
formation fulfills the criterion of symmetry, because addition is
commutative, i.e.,

∑N
l=1N (z;π(y)i,Γ) =

∑N
l=1N (z; yi,Γ).

B. Test Vectors

Applying the kernel transformation results in an estimation
problem where measurements are functions. We simplify this
problem by choosing test vectors and thus, discretizing the
problem. Two functions f1 : A→ B, f2 : A→ B are identical
if f1(a) = f2(a), ∀a ∈ A, i.e., the mapping is identical for
all arguments. Since it is infeasible to evaluate functions at
an infinite number of points, we choose a set of Na test
vectors a1k, . . . , a

Na

k . This simplifies the infinite-dimensional
estimation problem to a finite-dimensional estimation problem.

In order to choose the test vectors, we use the procedure
described in [3]. The state vector is propagated through
the measurement equation and the symmetric transformation.
Then, a sampling scheme is used on each of the Gaussian
mixture components, to obtain 2n+ 1 test vectors per target,
for a total of N · (2n+ 1) test vectors.

C. Analytic Solution

An analytic solution for calculating the measurement mean
and covariance as well as state and measurement cross-
covariance is given in [3]. A MATLAB implementation of this
algorithm can be found at [11]. However, this implementation

Fig. 1: Heart surface with indistinguishable markers.

is limited to block-diagonal covariance matrices and is not
optimized for performance.

The equation for the measurement covariance (23) in [3] is
only valid for block-diagonal state covariance matrices, so we
use a more general formula in this paper. The measurement
covariance for test vectors i and j is given by

Σ
sisj
k =

 N∑
l=1

N∑
m=1,m 6=l

N
([
aik
ajk

]
;

[
Hl
kµ

xl

k
Hm
k µ

xm

k

]
,Σlm

k

)
+N

(
aik; ajk, 2Γ

)∑N

l=1
P 0.5Γ
l

(
aik + ajk

2

)
− µs

k,i
· µs

k,j
,

where

Σlm =

[
Hl
k 0

0 Hm
k

] [
Σxl

k|k−1 Σxlm

k|k−1
Σxml

k|k−1 Σxm

k|k−1

] [
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0 Hm
k
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+
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k 0
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]
+

[
Γ 0
0 Γ

]
,

and PΓ
l (z) = N

(
z; Hl

kµ
xl

k
,Hl

kΣ
xk

k|k−1(Hl
k)T + Σvl

k + Γ
)
.

The derivation is similar to the derivation given in the appendix
of [3] and relies on manipulation of normal densities and
exploitation of the Kalman filter update formulas.

Based on the analytic formulas for measurement mean µs
k

and covariance Σss
k as well as state and measurement cross-

covariance Σxs
k , we perform a Kalman filter update according

to

µx
k

= µx
k|k−1 + Σxs

k (Σss
k )−1(Fy

k
(zk))− µs

k
) ,

Σx
k = Σxk|k−1 −Σxs

k (Σss
k )−1(Σxs

k )T ,

where Fy
k
(zk)) is the transformed measurement y

k
with test

vectors zk according to (1).

IV. REAL-TIME IMPLEMENTATION

In order to perform real-time processing of more than 20
targets, we had to do a variety of optimizations. Because the
double summation in the equation above is required for every
entry of the measurement covariance matrix, this approach
scales with O(N4) (see Fig. 2). Because the calculation of
the measurement mean is in O(N2) and the calculation of the
cross-covariance between state and measurement is in O(N3),
the computation of the measurement covariance is the most
costly operation for a large number of targets N . It is worth
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Fig. 2: Time for analytic solution depending on number of
markers N . We fitted a fourth degree polynomial to the data
to illustrate the fact that the computational effort is in O(N4).

mentioning that the formula for the measurement covariance
in the case of uncorrelated targets as given in [3] can be
evaluated in O(N3), but we need to consider correlation in
our application. Therefore, we focus on optimization of this
computation when trying to achieve real-time performance.
We assume that the number of dimensions is n = 2, and
the measurement matrices Hl

k are all identity matrices. These
assumptions hold in our particular application, but it is easy
to drop them if necessary.

When implementing the calculation of the measurement co-
variance matrix, we take advantage of the following properties.
A covariance matrix is obviously symmetric, so it is sufficient
to calculate Σ

sisj
k for j ≥ i and obtain the remaining entries

according to Σ
sisj
k = Σ

sjsi
k . Furthermore, Σlm ∈ R4×4 is

independent of i and j and can thus be calculated beforehand,
along with its inverse. To evaluate the normal distribution,
the normalization constant needs to be computed, which can
be done in advance as well, because it only depends on the
determinant of Σlm.

We implemented the analytic moment calculation as a
MATLAB MEX-file in C++. For matrix operations, we used
the highly optimized Eigen library [12], which uses closed-
form expressions for 4 × 4 inverse and determinant. The
exponential function occurring in the normal distributions
was computed using AVX2 with fmath [13]. Furthermore,
we parallelized the loop over i with OpenMP [14], because
the computations of different entries of the measurement
covariance are mutually independent. This results in almost
linear speedup with the number of available CPU cores.

V. EVALUATION

We evaluated the proposed Kernel-SME method on real data
from a beating heart surgery. The experiments were conducted
on a porcine heart at Heidelberg University Hospital. A set of
indistinguishable markers was placed on the beating heart (see
Fig. 1) and the heart was recorded with a PIKE F-210C Cam-
era at a resolution of 1920× 1080 and 30 frames per second.
The target positions were obtained from the images using a
color-based segmentation algorithm and calculating the center
of mass for each connected area of appropriate size. This can
sometimes result in clutter or missing measurements, but we
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Fig. 3: Tracked trajectories and reference.

did not explicitly model these effects. We also recorded arterial
blood pressure at a frequency of 1 kHz and downsampled it
to 30 Hz. The pressure data is used as an input to the system
model whereas the camera data is used as a measurement.

For the purpose of evaluation, we consider N = 24 targets,
which are to be tracked in n = 2 dimensions. Because all
markers are identical, data association is not trivial in this
application. In order to truly evaluate the multi-target tracking
capabilities of the proposed method, we do not use any kind
of gating to reduce the number of association hypotheses.

We obtained the reference trajectories semi-manually with
a simple nearest-neighbor based tracking algorithm that was
carefully tuned to avoid incorrect associations for the consid-
ered time period1. Still, some of the markers were missing
in a few frames and their reference position was determined
by interpolation. The system model was assumed to be linear
and the time-invariant system matrix A was obtained from 200
time steps of the reference by solving a linear least squares
problem. The same data was then used to estimate the process
noise covariance matrix Σw

k . We manually chose Σv
k = In·N .

To evaluate the quality of the results, we ran the algorithm
for 500 time steps, which corresponds to a video sequence
of approximately 17 s. The state vector was initialized with
the measurements of the first frame and we chose the kernel
size Γ = diag(1000, 1000). The resulting target trajectories in
comparison with the reference are depicted in Fig. 3.

For any marker l and any time step k, we consider the
Euclidean distance between the estimate xl and the true
position. The mean across all markers and time steps is
0.9550 pixels and the median is 0.3297 pixels, i.e., we achieve
subpixel accuracy and the error has a similar magnitude to the
segmentation accuracy.

In order to evaluate the run-time of the proposed algorithm,
we used a computer with an Intel Core i7-4770 quad core
CPU running at 3.4 GHz, 16 GB RAM and MATLAB 2013b
64bit along with the Microsoft Visual Studio 2012 compiler.
We measured the duration of the analytic calculation of the
moments for different numbers of targets and give the results

1This algorithm is not applicable in practice because it can not even recover
from a single incorrect association.
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Fig. 4: Comparison of filters: UKF, S2KF with 10d and 50d
samples, as well as the analytic solution. The vertical axis is
logarithmic and gives the mean error over all tracked targets.

in Fig. 2. It can be seen, that the performance degrades
with the fourth power of the number of targets, as is to be
expected. The computation time for our considered scenario
with 24 targets is around 35 ms with all optimizations. Because
our algorithm is highly parallelizable, this time can easily
be lowered further by employing more CPU cores or even
implementing the algorithm on a GPU. For comparison, the
MATLAB implementation without any optimizations takes
977 s on the same hardware.

Furthermore, we compared the analytic solution to a mea-
surement update with sample-based filters, namely the UKF
[15] and the S2KF [16]. The advantage of sample-based filters
is the fact that the algorithmic complexity scales with O(N3)
rather than O(N4) if the number of samples is linear in N . As
we have a state of dimension n ·N and non-additive noise of
dimension n ·N , the augmented state vector is of dimension
d = 2n ·N . The UKF has a fixed number of 2d+ 1 samples,
whereas the number of samples used by the S2KF can freely be
chosen. We use 10d and 50d samples. The results are depicted
in Fig. 4. As can be seen, the UKF is unable to handle this
scenario and diverges immediately. The S2KF also diverges
at some point, if the number of samples is too small. As is
to be expected, the analytic solution performs best, but for a
large number of samples the S2KF gives similar results to the
analytic solution.

VI. CONCLUSION

We have applied the Kernel-SME method for multiple target
tracking from [3] to marker tracking on the heart surface.
It can be implemented in a way that is suitable for real-
time applications. The proposed method has been evaluated
on a real-world medical dataset. It was shown to be possible
to reliably track 24 unlabeled targets in real-time. Accurate
tracking of indistinguishable markers on the heart surface is a
significant step towards robotic beating heart surgery.

Future work may include a closer investigation of the influ-
ence of the chosen kernel width and an improved algorithm
for selecting the test vectors. Furthermore, we plan to extend
the proposed method to 3D tracking of markers on the heart

surface. This can be achieved by performing triangulation with
a stereo camera system or with the help of depth sensors such
as time-of-flight cameras or the Microsoft Kinect. It may also
be possible to exploit the quasi-periodic nature of the problem.
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