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Abstract

New filters are derived for estimating the n—
" dimensional state of a linear dynamic system based
on uncertain m~dimensional observations, which suffer
from two types of uncertainties simultaneously. The
first uncertainty is a stochastic process with given dis-
tribution. The second uncertainty is only known to
be bounded, the exact underlying distribution is un-
known. The new estimators combine set theoretic and
stochastic estimation in a rigorous manner and provide
a continuous transition between the two classical es-
timation concepts. They converge to a set theoretic
estimator, when the stochastic error goes to zero, and
to a Kalman filter, when the bounded error vanishes.
In the mixed noise case, solution sets are provided that
are uncertain in a stochastic sense.

1 Introduction

In many technical systems the internal state, which is
for example required for control purposes, is not di-
rectly observable and has to be reconstructed on the
basis of uncertain measurements of the system output.
In most cases, a stochastic uncertainty description is
chosen and the state is estimated by means of a Kalman
filter or one of its variations [1].

In many cases, however, uncertainties arise, for ex-
ample from unmodeled dynamics or unmodeled non-
linearities, which cannot satisfactorily be described as
stochastic signals with known distribution. In addi-
tion, correlated noise terms or systematic errors may
be present. For these types of uncertainties, Kalman
filter estimates tend to be overoptimistic [11], i.e., the
covariance is underestimated. Several heuristics have
been suggested for coping with this problem, which of
course do not provide optimal estimators.

In some situations, bounds for these uncertainties can
be provided. In that case, set theoretic estimation can
be applied [13]. However, when additional uncorrelated
noise is present, the error bounds become unnecessarily
conservative.
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In [2, 5], a basic concept for estimation in the pres-
ence of both bounded and stochastic uncertainties has
been introduced. The proposed algorithm for the case
of a scalar state is exact, but computationally com-
plex. In [3, 4], an approximate solution for the case of
a scalar state has been derived, that is computationally
attractive. In addition, a generalization towards arbi-
trary dimensional states and observations of the same
dimension has been proposed in [6]. Furthermore, the
case of scalar measurements and arbitrary dimensional
states has been treated in [8, 9, 10].

This paper is concerned with updating the estimate of
an n-dimensional state based on m-dimensional ob-
servations. For this most general case, a new, ap-
proximate solution is derived, that is computationally
attractive. Nevertheless, it combines both set theo-
retic and stochastic estimation in a rigorous manner.
It bridges the gap between both estimation schemes,
because a set theoretic estimator is obtained, when the
stochastic error goes to zero, and a Kalman filter is ob-
tained, when the bounded error vanishes. When both
types of uncertainty are present, the new estimator
provides solution sets that are uncertain in a stochas-
tic sense. The propagation of estimates suffering from
both uncertainties through a dynamic system has been
discussed in [7).

In Section 2, a system model suffering from mixed
stochastic and set theoretic uncertainties is introduced.
The basic concept for solving the state estimation prob-
lem in this context is described in Section 3. In Sec-
tion 4, a useful estimator is derived on the basis of this
concept. The proposed estimator is then applied to a
simple synthetic example in Section 5.

2 Problem Formulation

The key point of this paper is the use of a general-
ized uncertainty model unifying stochastic and set the-
oretic modeling. This allows the treatment of systems
corrupted by both bounded and stochastic uncertain-
ties simultaneously. Hence, the model is well-suited
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for, but not limited to, the combination of determinis-
tic/systematic errors and random noise.

To be specific, we consider a linear measurement equa-
tion given by
g=Hz+te, +¢

with m-dimensional observation vector §, n-
dimensional state vector z, and additive uncertainties
&, ¢, Furthermore, there exists a prior estimate
£, of the state vector. Z, also suffers from additive
unceztalntles €p Cp accordlng to

Z,=z+e,+¢g

The corresponding additive uncertainties are of differ-
ent type:

1) e, ¢, are uncertainties where the only prior
knowledge is their boundedness, which is ex-
pressed by

Te—1 -1
&E <1, eyEy ey <1

2) Cps Cy aTe Gaussian random variables
Cp ™~ I—V-(Qa Cp) y Ey Y E.(.Q: Cy)

which are assumed to be uncorrelated.

3 The Basic Estimation Concept

For deriving an appropriate state estimator, we define

(4

Zp =

g:
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Since there is no prior information about the remain-
ing uncertainties e,, €, besides their boundedness, we
make the worst case assumption that e,, ¢, are fully
correlated. Hence, a set theoretic estimator is appro-
priate for fusing § and Z,. The fusion result is then

given by the set
={¢,: (€, -2) BN (E, - 8) <1}
with

Z,=%,+ ’\EPHT (Ey
n=y—-Hg,

+AHE,HT) ' g, "

and
E; =dP; , (2)
where d is given by

d=1+X-AnT (B, + N\HE,HT) ' g

and P; is given by
P, = E, - AE,H” (E, + \HE,H") ' HE, .

The appropriate selection of the parameter A € [0, oo)
will be discussed later. (1) can be rewritten as

=WiZ, + W,g

with
W, =I-AE,HT (
W, =AE,HT (

E, + \HE,H”) 'H ,
E, + A\HE,HT)™
and

W, +W,H=1.

However, Z,, and § cannot be measured directly. Only
their noisy counterparts given by £, = Z, + ¢, and
g=3+ ¢, are available. Hence, the mldpomt of the el-
hpsoxdal set X is a random variable denoted by X .. It
is defined only when the difference y- Hg:_ is bounded
by the Minkowski sum B of E, and HE,,HT, which is
not an ellipsoidal set.

To simplify the following derivations, we note that the
set theoretic uncertainty E, given by (2) depends on
7 and Z,. Settingn = 0.leads to d = 1+ A and is
equivalent to bounding E, from above. The resulting
E; is then given by

E;=(1+ME, 3)

—A(1 + )) E,HT (E, + AHE,HT) ™"

Since the simplified E; in (3) does not depend on the
actual values, it is not a random variable.

4 Derivation of the New Estimator

Since the set B is not an ellipsoid, a simplification is
obtained by using a bounding ellipsoid according to

B={z:2TB7'z2 < 1}
with
Q—HQFEBCB .

A parametrized family of bounding ellipsoid is obtained
by
1 1
B= 0.5-nE9+0.5+n
for k € (—0.5,0.5). & is selected in such a way, that
the volume of the resulting bounding ellipsoid for the
Minkowski sum is minimized. Thus, X, is a random
variable approximately given by

HEHT

_ {wxi,, +W,Y fory—Hz,€B
g — .

undefined elsewhere



Hence, the desired density is given by [12]

fe(z) = Tv‘l,—} [ | o (W2t - W) by

C

where the weighting matrix W, is assumed to be reg-
ular, and fpy (z,,y) is defined by

fory~Hz, € B
gy = i PO T8

with normalizing constant ¢,,. By means of an indica-
tor function

Izp,y) = {
(5) can be compactly written as

fp’y(@wﬂ) = Cpy fp(ﬁ,) fy(ﬂ) I(gpag,) .

The key idea to finding an approximate solution for
the probability density function is to approximate the
indicator function by a weighted sum of Gaussians
according to

1 fory-Hg,eB
0 elsewhere

H

L
1 i\T
Tz y) zZexp{ -5 (y-Hz, ~m)
i=1

c;! @—Hg,~m;)} ’

with _n_z; and symmetric, positive definite matrix C,

appropriately chosen.
Based on this approximation of the bound, the exact
density f, in (4) can be approximated by a sum of

simple densities. For that purpose, we first consider
one term of the sum which gives

el =aff ool 3e-1C e - 2)
+y-97C -9
+ (y — Hz, - m§)"C;' (y — Hz, ~ _;)] }dy

fori=1,...,L, g, = W;'[z, - Wy}, and normaliz-

ing constant ¢;. A tedious calculation reveals that this
approximation can be simplified to

R 1 T L ~1 i
fi (&) = gica exp {—5 (z, ~£2) (C) (z.— zl)}
with weighting factors

1, . inT

gi = exp{— 3 (E"Hg’—p _ﬂ;)

(HC,H” +Cy + Ca)—l (2 - Hz, - my) } ,

normalizing constant ¢z, and individual means
&, = W, + Wy + (W,C,H” ~ W,C,)
(HC,HT +C, + Cg)—] (8 - Hz, - my)

for ¢ = 1,...,L  The covariance matrices are
the same for each term in the sum and given by

C, = W.C,WI +W,C,WT - (W.C,HT - W,C,)
(HC,HT + C, + C,) ™ (W.C,HT - W,C,)T .

The approximate solution for the density fy, is then

L
f!,(&s) ~ Zf;.(ES) )
i=1

which is a weighted sum of Gaussian densities, where
the weighting factors g; are themselves values of a
Gaussian function.

An approximate expression for the expected value £, =
E[X ) of the random variable X is then given by

e (En) /(£0) .

an approximate expression for the covariance by

L A L
g:l 9: {C} + &4(&0)7}
C, ~ 3= L -, is . (7)

To summarize the results: The uncertainty of the fu-
sion result is given by a bounded uncertainty and a
weighted sum of Gaussian densities. To end up with a
second order estimator, the weighted sum of Gaussian
densities is approximated by mean and covariance.

The new estimator unifies Kalman filtering and set
theoretic estimation: A Kalman filter is approached,
when the bounded error vanishes. On the other hand,
a set theoretic estimator is attained, when the stochas-
tic error goes to zero. When both types of uncertainty
are present simultaneously, the new estimator provides
solution sets that are uncertain in a stochastic sense.

5 Simulation Example

Consider two measurement equations according to
Y=Hz+e+d,

vi=Haz+e +d

2 1 10
Hl:{o 1] ’ H2=[3 —1] :

with



¢k, ek are unknown errors with bounds given by

B = 36900 24300 E, = 1200 ©
' (24300 16200) * 27 | 0 1200

In this simulation, e¥, ek are constant values given by
et = [20 10]7, & = [5 25]7. &, & are samples
from independent, zero mean white Gaussian random
processes with covariance matrices

1002 0 _ 1002 0
Cl?[ 0 1002] ’ 02“[ 0 1002]

No prior knowledge is given.

In order to apply the standard approach for estimat-
ing the state z = [z xz]T, the Kalman filter, the
bounded uncertainties are interpreted as additional
white Gaussian noise resulting in total covariances
E; + C; and E; + C,. The evolution of the resulting
confidence set over time is depicted in Figure 1. The
confidence set has been calculated based on 9 times
the covariance matrix centered at Q’: . The true state

z = [100 100]7 is marked by a dot. Note: The
confidence set for k — oo does not contain the true
state.

For estimating the state z by using the proposed esti-
mator, the formulae for 2 in (6), EX in (3), and C* in
(7) are used for both measurement equations at time
k. The parameter At is chosen such that det(E* + C¥)
is minimized. Figure 2 depicts how the resulting es-
timate evolves over time. Here, the confidence set is
given by the Minkowski sum of E¥ and 9 C¥ centered
at £¥. The optimal estimate for an infinite number
of measurements would be given by the set resulting
from intersecting the two ellipses representing the sets
of states that would be obtained by inverting the mea-
surement equations when no stochastic uncertainty is
present. Note: The confidence set for ¥ — oo bounds
the exact set from above and contains the true state.

6 Conclusions

Many applications require estimating the state of a lin-
ear system from uncertain observations, where the un-
certainties are additively composed of both 1) noise
with known distribution and 2) noise with known
bounds. The new estimator then provides a rigorous
framework for solving these problems efficiently.

This paper focused on the measurement update, i.e.,
on updating the estimate of an n—dimensional state
based on given m~dimensional observations. The time
update, i.e., propagating the state estimate through a
dynamic system, is discussed in [7].
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Figure 1: Results of applying the Kalman filter.
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Figure 2: Results of applying the new estimator.



