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Abstract—Markov chain Monte Carlo (MCMC) methods are a
powerful but computationally expensive way of performing non-
parametric Bayesian inference. MCMC proposals which utilise
gradients, such as Hamiltonian Monte Carlo (HMC), can better
explore the parameter space of interest if the additional hyper-
parameters are chosen well. The No-U-Turn Sampler (NUTS)
is a variant of HMC which is extremely effective at selecting
these hyper-parameters but is slow to run and is not suited
to GPU architectures. An alternative to NUTS, Change in the
Estimator of the Expected Square HMC (ChEES-HMC) was
shown not only to run faster than NUTS on GPU but also sample
from posteriors more efficiently. Sequential Monte Carlo (SMC)
samplers are another sampling method which instead output
weighted samples from the posterior. They are very amenable
to parallelisation and therefore being run on GPUs while having
additional flexibility in their choice of proposal over MCMC. We
incorporate (ChEES-HMC) as a proposal into SMC samplers
and demonstrate competitive but faster performance than NUTS
on a number of tasks.

I. INTRODUCTION

Bayesian inference is a versatile way of making predictions
and quantifying uncertainty while incorporating prior knowl-
edge for a variety of applications such as deep learning [1],
epidemiology [2], and environmental modelling [3].

Inference on more complex posteriors may require the use
of sampling methods such as Markov chain Monte Carlo
(MCMC) [4]. These sampling methods propose local moves
within the distribution and build up a chain of particles
which can be used to calculate statistics of functions on the
distribution. MCMC can require many iterations to properly
converge to a posterior so improved computational resources
and tailoring the algorithm to exploit these architectures, often
through parallelization, have contributed to its increased pop-
ularity [5]-[7]. Better proposals such as Hamiltonian Monte
Carlo (HMC) make MCMC more efficient by using gra-
dients to inform local moves but introduce tunable hyper-
parameters which can be difficult to select [8]. The most
popular HMC variant is the No-U-Turn Sampler (NUTS)
which automatically tunes these hyper-parameters [9]. NUTS
is the primary choice of sampler in numerous probabilistic
programming languages like Stan, TensorFlow Probability and
Numpyro [10]-[12]. However, the NUTS algorithm is not
well-suited to take advantage of GPUs due to its complex
control flow and inherent recursion [13], [14]. Change in the
Estimator of the Expected Square HMC (ChEES-HMC) was
proposed as an alternative adaptive HMC variant better suited

to GPU architectures and demonstrated significant speed-up
while matching the performance of NUTS [15].

Sequential Monte Carlo (SMC) samplers are another
method of sampling from complex posteriors by again using
local moves to iteratively propagate a set of weighted samples
around a distribution [16]. The importance sampling compo-
nents of SMC samplers are easy to parallelise and mitigate
some of the concerns of running a number of MCMC chains
in parallel and combining them when they may not all have
converged [17], [18].

Our contribution is to incorporate ChEES into the SMC
framework and explore the effect of the choice of the quasi-
random number generator used to jitter trajectory length.

The paper proceeds as follows: Section II gives an introduc-
tion to ChEES-HMC in the context of MCMC and Section III
presents SMC and how ChEES is incorporated as a proposal.
Section IV lays out the experiments with Section V providing
results and discussion with conclusions and future work given
in Section VI

II. MARKOV CHAIN MONTE CARLO

Consider the problem of sampling parameters 8 € R from
a posterior distribution proportional to 7(0) = p(x]0)qo(0)
where p(x|0) is a likelihood function and ¢o(0) is a specified
prior distribution over the parameters.

MCMC is a common general-purpose way of obtaining
samples from intractable posteriors. The algorithm proceeds
with a user-selected initial state, 8, and subsequently building
up a chain of M parameter samples by proposing new samples
according to a proposal distribution

6 ~ q(-16-1). (1)

To ensure that samples come from the posterior distribution
of interest, the sampler must be aperiodic, irreducible, obey
detailed balance and the chain must leave the target distri-
bution invariant. If the proposal is reversible, we can use the
Metropolis-Hastings acceptance criterion and thus the samples
come from the target [19] as our sampling process is now
invariant.
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A newly proposed sample, 0’ is accepted and added to the
chain if a random variable, u ~ U(0, 1), drawn from a uniform
distribution is less than the Metropolis-Hastings criterion in (2)

0, {9
emfl

A. Hamiltonian Monte Carlo

ifu<a(@y-1,0"),
otherwise.

3)

HMC is a sampler which uses gradients to make more
informed moves around the posterior [20]. It augments the
posterior to be 7(0,p) with a momentum variable usually
taken from a Gaussian distribution, p ~ A (0, M), where M
is the mass matrix and is typically set to an identity matrix
M = 1Ip. The joint distribution can be written as

7T(07p) = eXp{_H(07p)}? (4)

where, H(-,-), the Hamiltonian is

H(8,p) = —log7(p|@) — log m(O) (5)
1
= —5lIpl* —log (6). (6)

which can be interpreted as a combination of kinetic and
potential energy respectively. Therefore, the sample location
and momentum can be updated using Hamilton’s equations.
These equations are generally intractable so a more practical
approach is to use the leapfrog integrator to solve them
numerically
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The leapfrog process is repeated for a certain number of
user-specified leapfrog steps L with step size h. Pseudocode
for the leapfrog algorithm can be found in Algorithm 1. Upon
completion of L steps, leapfrog proposes a new sample and
momentum, setting 8’ = 01, and p’ = pr, which are accepted
according to the criterion

Oé((om_l,pm_l), (Olvp/)) =
min(1, exp(—H (0, p") + H(01—1,Pm—1))-

(10)

Algorithm 1 Leapfrog Algorithm

Require: Initial state 6, momentum p, step size ¢ and number
of leapfrog steps L
for [ =1to L do
Half step update the momentum (7)
Update the state (8)
Complete the momentum update (9)
end for
return 6,,py,

The step size € can be selected by numerous adaptive
schemes such as dual-averaging [21], optimisation of the

expected squared jump distance [22], [23] and other adaptive
MCMC methods. These do not generally interfere with the
benefits of SMC and its parallelisation capacities [24]. How-
ever, selection of L is a little more challenging.

B. No-U-Turn Sampler

The most popular adaptive trajectory length selection algo-
rithm is NUTS [9]. At each MCMC iteration, NUTS builds up
a binary tree, using the leapfrog algorithm to build up trajec-
tories in both directions alternately while doubling the number
of leapfrog steps each time it considers switching direction.
The construction of the tree stops when the trajectory makes
a ”U-turn”,

0" —67)-p <0 or (6T -67)-p" <0, (1D
so that the tree ends up proposing just enough samples that
some are far away from the point from which the tree is grown
from. 8 and 0~ represent the two furthest left and right
points respectively in the binary tree. The trajectory is then
randomly sampled to give 6’ which is accepted or rejected
based on the criterion in (4).

Additional steps are taken to maintain detailed balance, such
as requiring that the points within the binary tree meet four
key conditions in order to be selected as a potential sample
0’. The full details of these conditions can be found in the

original paper [9].

C. Change in the Estimator of the Expected Square

Using the Change in the Estimator of the Expected Square
(ChEES) criterion [15] is an effective alternative for the NUTS
algorithm when adapting the trajectory length. The ChEES
criterion is the following

1

ChEES = - E[(||6" —E[0]|]” - |6 — E[6][*)*] ~ (12)

This criterion promotes exploration by maximizing changes
in sample variance, thereby reducing autocorrelation. For each
chain ¢ € {1,...,C}, it is evaluated using proposed and pre-
vious states 0(6)', 052)71, and their means 6’ , . The gradient
estimate §(°) reflects how trajectory length influences sample
dispersion, scaled by the jittered length [,,, and momentum
plo).

To enhance exploration, trajectory lengths are jittered via a
Halton sequence h,,,, with l,, = h,, L,,,—1 [25]. During warm-
up, ChEES is maximized using gradient descent to adapt L,,,
based on the weighted average gradient:

CPe)
_ 2000 (13)

ZC a(c)

This updates log L,, via Adam, with a moving average L

maintained. After m = Myamups Lo, is fixed to L.
Compared to NUTS, ChEES is often more efficient while

still effectively adapting trajectory lengths. In SMC, multiple

chains allow trajectory length to be tuned in parallel during

warm-up. Algorithm 2 provides the full procedure.
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Algorithm 2 ChEES-HMC running on C chains.

Require: Initial state 0(()6) for each chain ¢ € {1,...,C},
step size e, initial trajectory length L, desired number of
samples M, number of adaptation steps Myarmup, random
number sequence hq.p;.
Initialise moving averages L = 0.
for m =1to M do
Sample momentum p(©) ~ N(0, M).
Select jittered trajectory length l,, = hy, Li—1.
Propose new sample 6©" and momentum p(c)/ using
leapfrog(alel, P €, [l /€)).
6:  Compute acceptance probabilities () using (10)
7. Select 055) and pgf,,) according to (3)
8
9

BN

if m < Myamup then
Estimate the mean of the proposed and old states:

10: 0=25>.00, 6=L>.09
11: Compute trajectory gradient estimates:
I (e
12: . , .
~ 1168, — 6]2) (0 —6)Tp®
13: Update log-trajectory length log L,,, with Adam using
weighted gradient:
.S a9
14: g= 7§:c e
15: Update moving averages trajectory L < 0.9L +
0.1L,,
16:  end if
17:  if m = Myamup then
18: Ly < L
19:  end if
20: end for

III. SEQUENTIAL MONTE CARLO

SMC is another algorithm for targeting static posterior
distributions via K sequential importance sampling steps and
resampling when necessary [16]. The joint distribution of all
states until £ = K is defined as

K
m(01:x) = m(0k) [ [ L(Bk-116%),
k=1
where L(0;_1|0y) is the L-kernel, which is a user-defined
probability distribution. The choice of this distribution can
greatly impact the efficacy of the sampler [26].

(14)

At k=1, J samples j = 1,...,J are drawn from a prior
distribution ¢o(-) as follows:
0~ a(), Vi, (15)

and weighted according to
R
w] = &)
q0(6y)
At k > 1, subsequent samples are proposed based on sam-
ples from the previous iteration via a proposal distribution,

q(9i|9i_1) by

. V5. (16)

0, ~ q(-16]_,). (17)

Algorithm 3 SMC sampler running for K iterations and J
samples.

Sample {05}, ~ qo(")
Set initial weights wg using (16)
for k=1 to K do
for j =1to J do
Normalise weights using (20)
end for
Calculate Jg¢ using (19)
if Jog < J/2 then
Resample [6}...0]] with probability [Wi...w;
Reset all weights to l]
end if
for j=1to J do ,
Propagate samples 6], according to (17)
Update sample weights wi: using (18)
end for
end for

These samples are then weighted according to
j j W(ei) L(0i_1|0i)

Wi = Wk-1_ 0] Py
(60, _1) 9(6:16._,)

SMC samplers compute the Effective Sample Size (ESS) as
a measure of the efficiency of the sampler at iteration k by

1
S
I (&g

- (%)

using the sum of the normalised weights which are calculated
from

. Vi (18)

J = (19)

~j Wi .
Wi, S ;v: 1 Wi , V7.
As iterations continue, one weight tends to dominate which
is known as particle degeneracy and can be mitigated by
resampling. Resampling is undertaken if J° < J/2. There are
a variety of potential resampling schemes [27] including the
optimally parallelised systematic resampling schemes outlined
in [28], [29]. Here we utilise multinomial resampling for ease
of implementation. Samples are assigned an unnormalised
weight of l, after resampling.
The weighted samples can be used to picture the whole
distribution as well as realise estimates of the expectations of
functions on the distribution through

E. [f(64)] = / £(8)7(6,)d6)

(20)

= /f(ek)z((z:))qwk)dok ~ fi 21
fo= Y Wi, @2)

Pseudocode for a generic SMC sampler can be found in
Algorithm 3.



A. Proposals in SMC

A common but naive choice of the proposal distribution in
(17) is a Gaussian with a mean of 0%_1 and a covariance of
> € RP*D guch that

q(6;107,_1) = N(6;:6;_1, %), Vj. (23)

This is also referred to as a random walk proposal. Gradient-
based proposals originating from MCMC like Langevin [30],
HMC [31], [32] and NUTS [33] have been effectively in-
corporated into SMC. MCMC proposals can be included in
SMC with or without an accept-reject step [24], [33]. Here
we choose not to have an accept-reject step when including
ChEES as a proposal in SMC (SMC-ChEES) and comparing
to NUTS in SMC.

A sub-optimal but easily implementable approach to select-
ing the L-kernel in (18) is to choose the same distribution as
the forwards proposal

L(6;_,163) = (01, _,107), Vi, 24)

With gradient-based proposals both proposal and L-kernel
can be evaluated in terms of the stochastic momentum com-
ponent p [33], [34]

a(6116] 1) = N (pi—1;0, M) | Lelfmrze) |1 (o5
L(OF_116%) = N (~pu;0, M) | L) | (26

where fig is the leapfrog process. When using (25) and
(26) their Jacobians cancel in (18). We also apply this change
of variable to the proposal and L-kernel when we evaluate
SMC-ChEES.

B. SMC-ChEES

SMC-ChEES is an extension of the HMC proposals dis-
cussed in section 2, as it provides a principled alternative
trajectory adaption technique to NUTS. When using this in
an SMC context, we can use J random seeds to jitter each
trajectory length by a different amount at each iteration, and
then use this to compute the acceptance rate o needed for the
optimization procedure to maximize ChEES during the warm
up phase. Even after warm up, although we fix L we can still
use different jitters for each sample to effectively explore the
distribution.

1) Random Number Generators (RNGs): In [15] the
random number sequence hj.p; was generated from a 1-
dimensional Halton sequence [25]. We explore the usage of
the following random and quasi-random number generation
schemes to generate a matrix of J x K random numbers h1. g
for use with ChEES as a proposal in an SMC sampler.

1) No jitter: all J x K numbers are set to 1.
2) Uniform random: the random number sequence is drawn
from a standard uniform

hik ~ U(0,1). 27)

3) N-d Halton:
hjr = _ digits} (j)k =" (28)
d=0
where digits;(j) is the d™ digit of j represented in base-
k with the order of the digits reversed.

4) N-d Inverse Halton: as in (28) but the matrix is then
sorted in reverse order of k to ensure lower discrepancy
bases are used at the end of the sampling sequence.

5) 1-d Halton: J x K numbers are taken from (28) with
base set to 2.

6) N-d Primes:

hjr = jVP, mod 1 (29)

where P, is the kth prime number.

7) N-d Inverse Primes: as in (29) with the matrix sorted in
reverse order of k.

8) 1-d Golden Ratio:

(G -DK+k)(5-1)
2

9) Equidistant: J points are created from h; = j/J. These
h; points are shuffled K times to fill the h;, matrix.

mod 1. (30)

10) Offset Equidistant: as with Equidistant but each number
is also perturbed with a draw from a U(0,0.1).

11) N-d Sobol:

hj = digits? (j)vF @ digits3(j)vs @ ... (31)

where 1/5 are direction numbers typically obtained as
the coefficients of a primitive polynomial. We use the
scipy implementation which takes direction numbers
from [35].

12) Inverse N-d Sobol: as in (31) with the matrix sorted in
reverse order of k.

13) 1-d Sobol: J x K numbers are taken from (28) with

k=1

IV. EXPERIMENTAL SET-UP

In this section we present the distributions we sample
from for evaluation of our method. In all examples the SMC
samplers have J = 1000 particles and are run for K = 200
iterations, the first 100 of which are taken as burn-in. Initial
samples are drawn from a prior of appropriate dimensionality
for the target g ~ N(0p,Ip). ChEES is initialised with
L = 5. Each sampler is run 10 times and an average of
estimates and metrics is reported.

A. Gaussian

The first example is a multivariate Gaussian with D = 5
and parameters

0~ N(p %) (32)
p=[—4,-2,0,2,4)" (33)
3 = diag(1,1.5,2,2.5,3) (34)

A step size of € = 0.1 was utilised.



Gaussian Ill-conditioned Gaussian Banana German Credit

Veval/N  J/Veval | Veval/N  J/Veval | Veval/N  J/Veval | Veval/N  J/Veval
NUTS 63.95 1.56e-02 1771.93 4.16e-04 468.58 2.12e-03 1952.19 3.61e-04
No Jitter 12.65 7.91e-02 501.00 1.63e-03 25.84 3.87e-02 501.00 1.40e-03
1-d Uniform 6.55 1.53e-01 501.00 1.27e-03 57.10 1.74e-02 143.48 5.11e-03
N-d Halton 11.02 9.08e-02 501.00 1.25¢-03 73.80 1.35e-02 52.66 1.46e-02
N-d Inverse Halton 17.86 5.60e-02 501.00 1.21e-03 34.73 2.87e-02 72.77 1.04e-02
1-d Halton 8.01 1.25e-01 2.01 3.20e-01 21.96 4.55e-02 3.58 2.33e-01
N-d Primes 3.59 2.78e-01 501.00 1.20e-03 43.50 2.29¢-02 102.15 7.50e-03
N-d Inverse Primes 5.55 1.80e-01 501.00 1.35e-03 50.34 1.98e-02 96.48 8.72e-03
1-d Golden Ratio 5.23 1.91e-01 501.00 1.26e-03 61.37 1.62e-02 92.92 9.00e-03
N-d Equidistant 6.46 1.55e-01 501.00 1.25¢-03 52.61 1.89¢-02 106.21 7.55e-03
N-d Offset Equidistant 9.06 1.10e-01 501.00 1.22e-03 52.63 1.89¢e-02 186.85 4.08e-03
N-d Sobol 7.28 1.37e-01 501.00 1.24¢-03 62.26 1.60e-02 147.55 5.45¢-03
N-d Inverse Sobol 8.68 1.15e-01 501.00 1.24e-03 77.89 1.28e-02 101.76 7.32e-03
1-D Sobol 8.76 1.14e-01 2.47 2.64e-01 34.43 2.90e-02 4.62 1.96e-01

TABLE I: Number of gradient evaluations per sample (smaller is better) and effective sample size per gradient evaluation

(larger is better) averaged across iterations.

B. Ill-conditioned Gauss

Another multivariate Gaussian with D = 100. A random
orthogonal matrix Q € R'0x190 j5 drawn uniformly from
the Haar measure on the orthogonal group O(100), ensuring
that QQ ' = I,q0. The eigenvalues {\i 11201 of the covariance
matrix 3 are drawn from a Gamma distribution with shape
parameter 0.5 and scale parameter 1. The condition number

of ¥ ~ 1.3 x 10° [15]. A step size of ¢ = 0.001 was used.

0~ N(pX) (35)
pw=10,...,0]" e R (36)
Aj ~ Gamma(0.5,1), j=1,2,...,100 (37)
Q ~ Haar(O(100)) (38)
>=QAQ'. (39)

C. Rosenbrock Distribution
The Rosenbrock (banana) distribution with D = 2. The
joint distribution is a product of the marginals in dimension
01y and 05
01y ~ N(0,10)
62) ~ N(0.03(67;) — 100),1)

(40)
(41)

A step size of € = 0.01 was used.

D. German Credit

A logistic regression on the numerical German credit dataset
[36]. Here D = 25. A step size of ¢ = 0.001 was used.

yn ~ Bernoulli(c(8 " x,,)) (42)
A 1
2_ - 43
o(@) 1+e® )
V. RESULTS

Fig. 1 shows the number of effective samples per gradient
evaluation (J°f/Veval) for each of the 4 experiments. It’s clear
to that ChEES has a vastly greater J°/Veval than NUTS
across all tasks with every RNG. This is reflected in Table I

which shows the average number of gradient evaluations per
sample and the average .J°f/Veval across iterations. For the
Gaussian, Ill-conditioned Gaussian and Banana targets, NUTS
had approximately 4 to 5 times more average Veval per
particle than the ChEES methods and the same difference can
be found in the average J°/Veval.

A far larger disparity in the number of Veval per particle
and likewise in the J°f/Veval can be seen in the German
Credit task where NUTS used about 80 times more evaluations
than some of the ChEES methods. In our implementation,
the maximum tree depth of NUTS was set to 2'! meaning
that no further leapfrog steps were taken beyond that number,
even if the No-U-turn criterion in (11) was not met. NUTS
took an average of 1952.19 (Veval/N — 1) leapfrog steps as
there is also a gradient calculation undertaken prior to the
leapfrog steps. This is far greater than on any other task and
the maximum tree depth limit was frequently reached during
the sampling process. The ChEES proposals, are less effected
by their use on real world data and don’t see the same spike
in Veval/N.

However, we do notice that on the ill-conditioned Gaussian
example for nearly every method, we reach the maximum
number of leapfrog steps manually set in the implementation.
Therefore, we would need to increase the maximum trajectory
length to in order to evaluate the effective sample size better.
Despite reaching this limit though, all methods still produced
good MSE on both the mean and variance showing that a
longer trajectory length is potentially unnecessary. This also
outlines that J®f /Veval evaluation, although a good metric for
understanding computational efficiency, should not be used as
a singular metric as we notice this does not always translate to
producing meaningful samples from the posterior. For example
in the 5-D example 2, we see that the No Jitter method has a
relatively good J¢ /Veval, but a suboptimal MSE.

The RNG that gives the best J°/Veval and MSE re-
sults overall seems to be the 1-d Halton method which was
employed in the original ChEES [15] paper while the 1-
d Sobol method also produces good results on the same
metrics. However this again demonstrates the need to consider
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Fig. 1: Number of effective samples per gradient evaluation per iteration for the four experiments.
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(b) Variance MSE
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Fig. 2: MSE of the mean and variance estimates for the 5-
dimensional Gaussian distribution obtained by the different
proposals.

additional metrics as the performance of both RNGs on the IlI-
conditioned Gauss and German Credit task are notably poorer.

In Fig. 1 the methods alternate for which has the highest
Je /Veval across iterations and this is also reflected by Table
I. Our results support previous findings that jittering the
trajectory length is helpful in drawing good samples from the
posterior distribution [8].

Fig. 2 and 3 show the mean square error (MSE) for the mean
and variance of the Gaussian and Ill-conditioned Gaussian.
The mean and variance are realised using (22) and an average
is then taken over the dimensions. NUTS is clearly the first
to converge and the ChEES proposals converge to a similar
MSE to NUTS within 15 iterations. In the Banana distribution
NUTS explores furthest into the tails as shown in Fig. 4
which shows the positions of all particles across the last
twenty iterations. Once again NUTS is the best proposal on the
German Credit logistic regression task but the difference to the
ChEES methods is marginal and therefore we may see another
method produce marginally better results with more/different
starting seeds.

VI. CONCLUSIONS

In this paper we incorporate ChEES as a proposal into
an SMC framework with a change of variables L-kernel and

0 20 40 60 80 100 [ 20 40 60 80 100
Iteration Iteration

(a) Mean MSE (b) Variance MSE

Fig. 3: MSE of the mean and variance estimates for the 100-
dimensional Ill-conditioned Gaussian distribution obtained by
the different proposals.

explore the use of different RNG options to jitter the trajectory
length. We demonstrate that ChEES is far more efficient in
terms of the number of effective samples it achieves per
gradient evaluation with this difference being particularly pro-
nounced on the real-world German Credit logistic regression
and Banana distribution examples.

We have also investigated the different RNG methods for
jittering outperform no-jittering within the ChEES algorithm
with the best overall performance coming from the 1-d Halton
and 1-d Sobol methods. We note that the depth has been
reached for many methods on the Ill-conditioned Gaussian
example which requires more investigation. Despite hitting the
maximum number of leapfrog steps, the MSE performs is still
on par with NUTS.

Further work could focus on including step size adaption
methods (such as dual averaging) into SMC-ChEES to min-
imise the number of hyper-parameters that need to be manually
tuned. As SMC-ChEES picks a singular trajectory length
which it then jitters, it is competitive with NUTS in scenarios
where NUTS trajectory lengths may not differ significantly.
Therefore, it would be useful to investigate ChEES on example
problems where this is not the case, such as the funnel
distribution [37].

SMC-ChEES could also be further evaluated on more real-
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Fig. 4: Position of all samples for the last 20 iterations of the banana distribution.

Accuracy | Precision | Recall | FI Score | Specificity | AUROC
NUTS 0.78 0.66 0.53 0.58 0.89 0.71
No Jitter 0.78 0.66 0.53 0.58 0.89 0.71
1-d Uniform 0.76 0.64 0.42 0.51 0.90 0.66
N-d Halton 0.76 0.63 0.46 0.53 0.89 0.67
N-d Inverse Halton 0.77 0.65 0.44 0.53 0.90 0.67
1-d Halton 0.76 0.65 0.41 0.50 0.91 0.66
N-d Primes 0.77 0.65 0.44 0.53 0.90 0.67
N-d Inverse Primes 0.78 0.68 0.47 0.56 0.91 0.69
1-d Golden Ratio 0.77 0.64 0.47 0.54 0.89 0.68
N-d Equidistant 0.76 0.64 0.42 0.51 0.90 0.66
N-d Offset Equidistant 0.77 0.66 0.46 0.54 0.90 0.68
N-d Sobol 0.77 0.65 0.44 0.53 0.90 0.67
N-d Inverse Sobol 0.77 0.65 0.44 0.53 0.90 0.67
1-D Sobol 0.76 0.67 0.37 0.48 0.92 0.65

TABLE II: Logistic Regression Results for the German Credit Dataset (larger is better).

world data to see if the benefit of using alternative RNG
methods with ChEES persists across other tasks.
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