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Abstract—We propose a new method to interpolate probability
densities that are represented on a regular or on a rectilinear grid
through canonical polyadic decomposition (CPD). We introduce
a finer grid and compute the respective density values, or
more precisely, the loading vectors of the tensor decomposition
on the high-resolution grid, such that i) the density values
at the pre-existing grid locations remain unchanged, i.e., we
perform pure interpolation, and ii) no unnecessary information
is introduced. The latter is achieved by minimizing the Fisher
Information Number (FIN) of the interpolated density. The FIN
is a roughness measure or regularizer for densities. Internally, we
use a square root density representation to be able to compute
the FIN in CPD format and to enforce nonnegativity of the
density values. Computationally, the proposed method yields
an optimization problem of a smooth cost function with one
normalization constraint that can be solved, e.g., with interior-
point algorithms, for the desired high-resolution loading matrix
entries. We demonstrate the performance of the proposed method
through visual examples in 1D and 2D.

I. INTRODUCTION
A. Context and Motivation

Low-rank tensor decompositions, such as the canonical de-
composition (CANDECOMP) or parallel factor decomposition
(PARAFAC), are a powerful tool to represent high-dimensional
data in a compact way, thus circumventing the curse of
dimensionality [1], [2], [3]. They have been successfully applied
in various fields, such as signal processing and machine learning
[4], Bayesian filtering, e.g., for multi-target tracking [5], and
prediction with stochastic dynamical systems [6], [7], also
on nonlinear manifolds [8]. In these applications, it is often
desirable to increase the resolution of the underlying grid,
e.g., to consolidate the discretization points in the area that is
currently of interest. Especially in the context of Bayesian state
estimation and probabilistic inference, the relevant support of
the density changes over time [9].

B. Density Estimation

The density interpolation problem could also be framed
as a density estimation problem. For density estimation,
one usually has unweighted data points that are unevenly
distributed; however, a density can also be described via
unevenly distributed weighted samples [10] or with uniformly
distributed but weighted samples. Here, the density values at
the pre-existing grid locations represent uniformly distributed
but weighted data points, and the density values at the new
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Fig. 1: Grid Refinement: Original grid points z® [n] (black) and
refined grid points x8[n] (orange), with Ny = Ny = 3 and
N1 = Ny = 5. The grid locations are given by z} = z§ =

[1,2,3]7 and 2% = 28 = [1,1.5,2,2.5,3] 7.

grid locations are the parameters to be estimated. This could
be solved with Gaussian mixture estimation from weighted
samples [11], [12], [13], which would however not generalize
well to higher dimensions, as there would be too many grid
points to iterate over in the expectation maximization procedure
— imagine 10 dimensions with 100 discretization points each,
yielding 100 quintillion grid points. Instead, tensorized variants
[14] of the classical non-parametric kernel density estimator
(KDE) approaches [15] could be applied, if the kernel is
in canonical polyadic decomposition (CPD) format, e.g., a
Gaussian kernel with diagonal covariance matrix. The problem
with this is the limitation to and choice of one single bandwidth
parameter, which is crucial for the performance of the method
and is a long-standing problem in the field of density estimation
[16]. Therefore, in the following, we view the problem as
directly interpolating a coarsely defined probability density
function.
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Fig. 2: 1D examples of the proposed density interpolation method. There are N7 € {3,5,9} input grid points zJ[n1] € [0, 1]
with given and fixed density values (yellow dots) obtained from linear (a), truncated Gaussian (b,c), and truncated Gaussian
mixture (d) densities (yellow lines). For Ny = (N7 — 1) - 10 4 1 output grid points, we computed the interpolated density (blue
dots). Note that in 1D, the tensor decomposition is not needed, as the density can be directly represented as a vector of values
on the grid points, therefore we have L = 1. Computation times are given in the captions.

C. Fisher Information Number (FIN)

Whenever some data points are interpolated, to make it well-
defined and unique, one has to define some constraints, like
continuity of the function or its derivatives, some cost function
that should be minimized, or a smooth kernel function to
convolve the data with. For interpolating densities, we probably
do not want the typical nearest-neighbor, piecewise linear, or
spline interpolation [17], as they do not take into account the
properties of densities, such as nonnegativity and information
content. Instead, we want to introduce as little information
as possible. Therefore, the information content would be an
ideal cost function. Here, we propose to minimize the Fisher
information Number (FIN) of the interpolated density. It is
a roughness measure and a regularizer for densities [18] and
has been used, e.g., for approximating densities with Gaussian
mixtures [19], [20] and for spline-based density estimation
[21]. See Fig. 2 for a trivial 1D example, where few points
(yellow dots) are interpolated to many points (blue dots).

II. NOTATION

A. Rectilinear Grid

Rectilinear grids are axis-aligned and with arbitrary spacing
along the individual dimensions [22]. We begin defining the
grid point locations z8: x5_; {1,2,..., N} — R?

af[na]
z8[n] = 28[ny,...,ng] = ,

ey

2% [ns]

where n is a multi-index containing one index ng, where
ngs = 1,..., Ny, for each dimension s = 1,...,S, with N
being the number of grid points along each dimension. Thus,
the overall number of grid points is

s
Ngria = H N, . ?)
s=1
All grid point locations are determined by the vectors
28 = [28[1],...,28[N,]] | e RN 3)

containing the grid point locations along each dimension s.

B. Probability Density

We represent a probability density f(x) as density values
on the grid points f[n]. Furthermore, we choose a square root
representation r[n|, where

fln] = r?[n].

This helps enforce the nonnegativity constraint and facilitates
the tensorized computation of the FIN, as shown later. To
circumvent the curse of dimensionality, we employ a rank-L
tensor decomposition

rln] = Z H B, [ng, 1] ,

=1 s=1
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where ®, € RN=*L is the loading matrix for dimension s, and
its columns are the loading vectors. The density f[n] can then
be represented in terms of the loading matrices via

s[ns, l]) (6)

thus f[n] is a rank-L2 tensor.

III. FISHER INFORMATION NUMBER (FIN)

The so-called linear score or informant is defined as [18,
Eq. 13]
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The FIN is defined as [19, Eq. 10], [18, Eq. 1],
IV f(@)l3 )||2
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It can be used as a roughness measure for densities [19]. Using
the square root representation r(xz) = \/f(z), according to
[19, Eq. 19], this becomes

Ip(f) = Ii(r) (10)
=4 [ IV @I da (i
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With our discretized density (5) that is defined on the regular
grid (1), and using forward differences, we obtain

n+e —r[n] \? "

s=1 n=1

Thereby, e, is a umt vector pointing in the direction of
dimension s and Z —, is an S-fold multi-sum that iterates over
all Ngyiq grid entries (with exponential complexity in .S). V[n]
is the volume element associated with the root density value
r[n] at location 28[n]. The precise location of this volume
element depends on the type of Riemann sum we use for
integration, e.g., for the left Riemann sum simply

S
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We must now avoid the multi-sum in order to circumvent the
curse of dimensionality and be able to apply the method in
arbitrary dimensions. The derivation is given in Appendix A,
and the result is presented below.

For an equidistant grid with spacing Az% along each
dimension s, and collecting factors that do not depend on

the loading matrices to constant c, the tensorized form of the
FIN can be written as

(16)

3
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s'#s
In this form, the complexity is no longer exponential but merely
quadratic in S.
The gradient of this, which is helpful for optimization, is
stated in Appendix B.

( Z D, [ng, ]

IV. HIGH-RESOLUTION GRID REPRESENTATION

Now we want to increase the resolution of the existing grid
(1). We do this by adding intermediate grid points while keeping
the old grid points in place as part of the new grid. This does
not limit the generality of the method, since unwanted grid
points can simply be removed in the end.

We define a finer regular grid

(17
zg[ns]

with new indices ns = 1, ..., Ns, where ]Vs is the new number
of grid points along dimension s, with Ny > N,. As mentioned
before, without loss of generality we assume that the new grid
contains all the old grid points, i.e., for each old grid point
index ng there exists a new grid point index n4 such that

x8[ng] = x%[ﬁs] . (18)

Correspondingly, we want to expand the existing loading
matrices @, € RY-*%in with entries ®,[n,!] to new loading
matrices ®, € RNs*Lou with entries ®,[f,, 1] and Loy >
L;,. Again, some of the entries in @ correspond to the entries
in ®,, and each entry in ®, corresponds to one entry in ®,.
The new, interpolated density values on the new grid are then
given by

_ Low S 2

i) = (Z 11 @[%J]) : (19)
=1 s=1

V. KEY IDEA

Our goal is to compute the entries of the new loading
matrices @ such that (G1) the density values f[n] at the
pre-existing grid locations remain unchanged and that (G2) we
add the least possible amount of information to the density in
that process.



We can achieve (G1) exactly. Note that the old density values
depend only on the old loading vectors, even in the finer grid
setup. Take, for example, the center grid point in Fig. 1 with
n1 = ngy = 2 and n; = ng = 3. Its density value is

Lin

f12,21 = ®1[2,1] - ®2[2,1] , (20)
o
F13,3] =) ®1[3,1] - ®2[3,1] . 1)

=1

One way of ensuring f[2,2] = £13,3] is having ®,[2,1] =
®,(3,1] and P3[2,1] = ®»[3,]] for all [ = 1,..., L, and
®,[3,]] = ®2[3,l] = 0 for [ > L;,. This reasoning holds
for all other old grid points as well. Thus, we can ensure
(G1) simply by fixing those new loading matrix entries that
correspond to the old loading matrix entries (same grid point
locations) to the old values, and if Loyt > Liy, the remaining
entries to zero. In that case, the density remains unchanged at
the old grid locations, and we perform pure interpolation. This
also removes many constraints from the optimization, since
we then only need to optimize over the new loading matrix
entries, simplifying the problem.

To achieve (G2), we propose to minimize the FIN (41) (see
Appendix A) of the resulting density on the finer grid.

VI. NORMALIZATION CONSTANT

We assume the input density values originate from an
underlying normalized density and we want to obtain an
interpolated density that is normalized as well, approximating
the underlying original density.

We can compute the normalization constant of f[n] = 72[n]
in a tensorized manner
Z=| flz)dz (22)
RS
L L S /N,-1
~Y > 11 ( > @i, ] - Rl b] | (23)
I1=11=1s=1 ns=1
(:c%[ng +1] - xg[ﬁé])) ,
which for equidistant grids simplifies to
L L S
Y ST ( SLICHAL XN e
11=113=1s=1 ne=1
S ~
b=]] Ak . (25)
s=1

The gradient of the normalization constant with respect to any
entry of a loading matrix is given by

YA Lo
RN RAR (26)
0B, [ns, 1] 512 s, bl
S N
H Z s[ns 1] - @sr[ng, ]

Algorithm 1: wrap: Extract optimization vari-
ables from loading matrices. The set Z, =
{7, : 28[n,] # x8[n,] V ny} contains only the indices
of grid points that are not part of the coarse grid.

Input: Loading matrices EIv’l, R <i>s; sets Z, for
s=1,...,8
Output: Vector ¢ of new loading matrix entries
k <+ 0;
for s=1,...,5 do
for(=1,...,L do
for n, € 7, do
k+ k+1,
P B[R, 1];
end
end

end
return ©3

It is needed for the optimizer to enforce normalization via a
nonlinear equality constraint (28).

VII. OPTIMIZATION

We formulate the following optimization problem to compute
the best new loading matrices

{%1,...,55}:eNLrgmNinIﬁ(él,...,i)S) 27
B,,..,Bg

st Z(®q,...,Pg) =1 (28)

and ®,[fi,, l] = ®,[n., 1] (29)
for all ®[ng, 1] with 28] = x8[n,] .

Equivalently to the equality constraints (29), the optimization
can be performed only over the new entries of the loading
matrices P, i.e., those for which there exists no ng such that
28[n,] = 28[n,]. As the other entries can simply be kept out
of the optimization, we can formulate and compute it as a
nonlinear optimization problem with

S

> (N = N) - Lo

s=1

(30)

variables and one equality constraint (28).

The cost function is the FIN IZ(7) given in (41), and
the normalization_constant Z in (23), all using the new
loading matrices ® (containing both old and added entries),
where optimization is only performed over the added entries.
Since multivariate optimizers usually require the format of
the variables to be a vector, we need suitable wrapper and
unwrapper functions to convert the new loading matrices to a
vector (that does not contain the new loading matrix entries
corresponding to the old grid points) and back, see Algorithms 1
and 2.
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Fig. 3: Examples of grid refinement via the proposed FIN minimization. Top: ground truth input density (coloring), evaluated
on a coarse Ny X Ny grid (red circles), with Ny = Ny € {5, 7}.~The @nsity matrix ~is reprNesented in CPD format with rank
L = N;. Bottom: interpolated density (coloring) on a refined N7 = N» grid with Ny = Ny = (N; — 1) -5+ 1 € {21,31},
with rank L = 10, after optimizing the new loading matrix entries by minimizing the FIN under the normalization constraint.
The 25 or 49 density values from the low-resolution grid that remain unchanged in the optimization stand out in some of the

bottom figures. Computation times are given in the captions.

VIII. IMPLEMENTATION RECIPE

For the convenience of the reader who wishes to reproduce
the method, we summarize the implementation in a step-by-
step recipe. Define the dimension S, the coarse and fine grid
sizes N and N,, and the grid spacings Az and Az% such
that the fine grid contains the coarse grid. Then, define the
input density on the coarse grid as a tensor in CPD format,
e.g., via a singular value decomposition of the square root of
the density values on the full grid if S = 2. This yields the .S
coarse loading matrices ®, € RVs>Lin, B

Next, define the S new loading matrices ®, € RN«xLout
for the fine grid, where the N, entries (out of N, entries)
that correspond to the coarse grid points are set to the coarse

values, and the remaining entries are initialized, e.g., with
random values or a linear interpolation of the coarse loading
vectors. If the output rank L, is larger than the input rank
Lin, (Lout — Lin) additional columns are appended to the new
loading matrices, with the entries corresponding to the coarse
grid points fixed to zero.

Implement the FIN (16) and the normalization constant (24).
For verification, the simpler full-grid forms (14) and (22) based
on the explicit root density may be implemented first and used
as a reference for testing the CPD versions. Also implement
the wrapper and unwrapper, Algorithms 1 and 2. Solve
the optimization problem using a gradient-based nonlinear
optimizer that can handle nonlinear constraints, e.g., an interior-



Algorithm 2: unwrap: Update loading matrices with
optimization variables.

Input: Vector ¢ of new loading matrix entries; sets Zg
Output: Loading matrices ;Iv>1, ey <i>s
k <+ 0;
for s=1,...,5 do
for(=1,...,L do
for n, € 7, do
k+ k+1;
5s[ﬁsa l] < Pk
end
end

end

return ®,,... Pg;

point optimizer, to minimize the cost function with respect
to the new loading matrix entries under the normalization
constraint, using automatic differentiation for the gradients.

Computation can then be accelerated by implementing the
analytic gradients (26) and (42), which should be validated
against the automatic-differentiation versions. An in-place
implementation free of repeated allocations further increases
computational efficiency. The method generalizes to non-
equidistant grids by using the more general forms of the FIN
and normalization constant in (41) and (23), respectively.

IX. EVALUATION

A trivial 1D example, where no tensor decomposition is
actually needed, is shown in Fig. 2 for illustrative purposes.
We can see that the proposed interpolation is quite different
from linear interpolation (Fig. 2a) but much more suitable for,
e.g., Gaussian densities (Fig. 2b).

Then for 2D demonstrations, we defined exemplary con-
tinuous underlying densities, see top row in Fig. 3. We
properly normalized those continuous densities via numerical
integration with Julia’s SciML Integrals.jl package [23] using
the HCubature.jl backend [24], [25]. We evaluated those
densities coarsely at the locations of the input grid, yielding a
matrix of probability values. A tensorized representation of the
root density of P was then obtained via element-wise square
root followed by singular value decomposition

sqrt.(P) =UXV' | &, =UVE, &, =VVZ. (31

We then refined the grid to a finer grid and optimized the
new loading matrix entries as described above. Tensor ranks
were L, = N, and Lo, = 10. The resulting interpolated
densities (without normalization) are shown in the second
row of Fig. 3. Optimization took between 21s and 53s on a
desktop PC. There were no convergence issues; the interior-
point optimization algorithm always converged to the same
result.

We implemented the method in the Julia programming
language [26], using the IPOPT algorithm [27] for constrained

optimization and verified the correctness of the gradient im-
plementations by comparing them to automatic differentiation
using ForwardDiff.jl [28]. Source code of our implementation
will be made available on CodeOcean and linked on the IEEE
Xplore page.

X. CONCLUSION

A. Summary

We described a novel method for interpolating probability
densities defined on rectilinear grids. Through tensor represen-
tation, we have only polynomial complexity in the dimension.
In particular, the computational complexity per cost/gradient
iteration is O(S? - L? - Npax) with dimension S, rank L, and
maximum grid size Ny,ax. The method is based on the idea of
minimizing the FIN of the resulting density on the finer grid
under the normalization constraint. The FIN is a measure of the
amount of information added to the density in the interpolation
process. We demonstrated the method on 1D and 2D examples,
showing that it can yield quite different results from linear
interpolation, and that it can be more suitable for certain types
of densities, e.g., Gaussian densities.

B. Limitations

A limitation is that the underlying density must be nor-
malized. Furthermore, the resulting interpolated density often
appears too “peaky” at some of the input grid locations, see
Figs. 2c, 3b and 3c. We also observe that the diagonal strip
in Fig. 3b exhibits more irregularities (yellow peaks) than the
vertical strip in Fig. 3a, the cause of which remains to be
investigated. Finally, the runtime is still too high for practical
applications.

C. Outlook

In the future, we plan to investigate alternatives to the simple
forward differences used here, other Riemann sums (e.g., the
midpoint rule for the integral), other boundary conditions, and
other derivations of the FIN that may be faster to compute.
We also want to investigate unevenly spaced grids as well
as the extrapolation capabilities. A natural extension is the
generalization to nonlinear manifolds, building on prior work
on the cylindrical manifold [8] and the spherical manifold [29],
[30]. An automatic determination of an appropriate L would
be helpful. It should be possible to estimate the normalization
constant as well if the underlying density is not normalized.
Another open question is how the relationship between density
values on the old and new grid can be specified. Apart from
“identical density values at identical grid locations” as used
here, one could, for example, require that the coarse density
values describe the average density in the coarse grid cell,
or penalize the second derivative at the data points to avoid
the peakiness. We also want to improve the computational
efficiency via an implementation that self-normalizes and is
thus free of the normalization constraint, which will make it
run about 10 times faster.
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APPENDIX
A. Fisher Information Number in Tensorized Form

To obtain a tensorized representation of the FIN, we have
to insert the tensor decomposition form (5) of the root density
into (14), which we will do in a gradual manner. We begin
with the numerator of the fraction in (14)

rln +e,] — rn] (32)
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The S-fold multi-sum of this expression over the spatial multi-
index n can be separated into a product of S single sums
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In total, inserting this into (14), we obtain the following
tensorized form of the FIN
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A simplified version for equidistant grids is shown in (16).

B. FIN Gradient in Tensorized Form

We are going to need the gradient of the FIN with respect
to any entry of a loading matrix. For an equidistant grid, this
is given by differentiating (16) and yields
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