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Abstract—A recent advancement in convergent particle filters
is the family of kernel density estimation-based class of ensemble
mixture model filters, such as the ensemble Gaussian mixture
and ensemble Epanechnikov mixture filters. This work seeks
to advance the understanding of directional Kernel Density
Estimation (KDE) for later use in directional filtering with direc-
tional kernel density estimates. Optimal KDE in high dimensions
relies not only on optimal estimates of parameters such as the
bandwidth, but also on making use of an optimal kernel. For
Euclidean space, the optimal kernel is the Epanechnikov kernel,
but for distributions on the sphere this kernel is known, but
has largely been forgotten to time. We analyze this kernel and
term it the Hall-Watson-Cabrera kernel (HWC) after its original
discoverers. The contributions of this work are three-fold: (i) we
prove, that the HWC kernel is exactly the restriction of the
Epanechnikov kernel onto the sphere, (ii) we provide a practical
numerical method to sample from a HWC mixture model, and
(iii) we empirically show the HWC kernel’s efficiency in the high-
dimensional setting.

Index Terms—Kernel density estimation, directional statistics,
Epanechnikov kernel, Hall-Watson-Cabrera kernel.

I. INTRODUCTION

Directional statistics [1], [2] is concerned with problems
related to estimating quantities of directional data. Rotation,
travel direction, and other quantities all fall into these cate-
gories. States of systems bounded by conservation of energy
also belongs into such a category. Kernel density estimation [3]
is concerned with approximating densities from samples in a
manner than becomes convergent as the number of samples
increases. This worked is concerned specifically with the
intersection of these two fields, directional kernel density
estimation [2], [4].

In the context of directional state estimation and filtering,
there have been some developments towards general non-linear
filtering, such as some nonlinear filters [5] and unscented
filters [6]. Additionally there has been a lot of effort towards
developing machinery adjacent to the filtering problem such
as deterministic sampling [7], [8]. This work also aims to
develop machinery and methodology for eventual applications
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to the non-linear directional filtering problem by targeting the
research gap of describing the optimal kernel for directional
kernel density estimation.

Epanechnikov [9] (read: Yepanechnikov), showed that under
certain simplifying assumptions, a compactly supported kernel
was more optimal for kernel density estimation than the (still
commonly used) Gaussian kernel. Unlike the Epanechnikov
kernel, its spherical analogue seems to be a lot more lost to the
literature: cited, but somewhat forgotten. For instance the work
of Hodges [10] rediscovers this kernel while simultaneously
citing the work in which it was actually derived. The work
of Kamelid [11] seems to be one of the last works to actually
explicitly make use of this kernel to the authors’ knowledge.
Other works like [12] have incorrectly identified the spherical
analogue of the Epanechnikov kernel. The original work
deriving the spherical analogue of the Epanechnikov kernel,
that of Hall, Watson, and Cabrera [13] claims that:

We shall show that it is possible to improve on the
latter estimate by using an ‘optimal’ kernel, just as
Bartlett (1963) [14] and Epanechnikov (1969) [9]
showed that Euclidean-data estimates have optimal
kernels.
with references added by the authors. We trivially show that
the kernel that they derive is not “just as” the Epanechnikov
kernel, but in fact that it is exactly the multivariate Epanech-
nikov kernel restricted to the sphere. We then subsequently
derive properties about this kernel and verify them using
numerical experiments.

II. BACKGROUND

In this work, we specifically follow the formulation of
directional kernel density estimation given in [4]. Given some
distribution f on the sphere S~ !, and some collection of N
samples
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we can build a kernel density estimate of the form
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where K is a kernel, ¢, , x is a normalizing constant, and
h is a bandwidth parameter. Following [3] and [4], as is
common in kernel density estimation literature, we wish to find
the bandwidth parameter h that minimizes the mean integral
squared error (MISE), given by,

e
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where under certain simplifying assumptions we can build an
asymptotically converging approximation called the asymp-
totic mean integral squared error,

AMISE(K) = 2K p( fynt 4+ Sk 0K )
B N Bk
where the asymptotic variable is the number of samples N,

meaning that the second term tends to zero, and the constants
are defined as,
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and the curvature constant R(f) that depends on the original
distribution 1is typically taken to be that of the Fisher-von
Mises-Langevin distribution and is given by
K1/2 (2(n — 1)In/2(2/~@) + k(n+ I)In/2+1(2li))

R(f) = 20t 1rn/2(n — 1)1, /91 (k)2 ’
(6)

where I is the modified Bessel function of the first kind and
where k is the concentration defined as
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where A,, is written in Gauss’s continued fraction notation
and can be computed through a modification of Lentz’s
algorithm [15], and where the concentration parameter x can
be approximated by first approximating the expected value,
then approximating the inverse of A,, [16]. We note that this
results in a biased estimator of the concentration [1], [17], and
that no unbiased estimator for small sample size is known.
More sophisticated estimates of the curvature constant and
concentration parameter are outside the scope of this work.
It is important to note that we can compute the optimal
bandwidth for an arbitrary kernel by the following formulation,

N
hic = a— .
V25" (n+1)a2NR(f)

It is important to note that the kernel K is not a distribution,
and that when h is taken to be the optimal Ay, it is dependent
on the scaling of the distribution and distribution parameter.
This means that any scaling of the kernel or kernel input
defines an equivalent kernel that does not have an effect on
the kernel density estimate.
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Remark II.1 (Kernel equivalence class). Thus it is trivial to
see that the kernel,

aK(bv), 9)

does not change the kernel density estimate, meaning that
scalar multiplication of the kernel, and scalar multiplication
of the kernel input represent an equivalence class of effectively
the same kernel.

Finally we note some properties that this optimal kernel
should have:

1) The kernel must be non-negative, and finite, meaning
that,

Yo >0, (0 < K(v) < 00). (10)

2) The kernel must be monotonically decreasing, meaning
that,

Yw > v >0, (K(w) < K(v)), (11)

as the kernel needs to converge to the Dirac delta as
the number of samples goes to infinity (and thus the
bandwidth goes to zero).

3) The kernel must satisfy,

Brc < 00, (12)

which many authors interpret as the fact that the kernel
“is rapidly decaying, more rapidly than any polynomial”
(from [4] page 58), which is not strictly true, as the
kernel does not have to be smooth.

Of final note is the standard kernel, that of the Gaussian
restricted to the unit sphere,

FyML(v) =e"", (13)

which is known as the Fisher-von Mises-Langevin kernel. This
kernel is by far the most popular kernel found in the literature
for its nice and simple properties that are begotten from its
Gaussian lineage.

III. HALL-WATSON-CABRERA KERNEL

The immediate obvious question that arises is, which func-
tional form, given our constraints, minimizes the AMISE? The
kernel identified by Hall, Watson, and Cabrera in [13],

1-— <1
HWCw)y =4 " U= (14)
0 otherwise
is precisely that kernel, meaning that
(15)

HWC = arg min AMISE(K),
K

which we term the Hall-Watson-Cabrera kernel, visualized
in relation to the Fisher-von Mises-Langevin Kernel for S!
in fig. 1.

We now show that this kernel is precisely the spherical ana-
logue of the Epanechnikov kernel for spherical distributions,
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Fig. 1. A visual representation of the Fisher-von Mises-Langevin kernel and
the Hall-Watson-Cabrera kernel on the circle S'. The mean di_r?ction is taken
to be the point [0, 1]7 and the bandwidth is taken to be v/5 .

Theorem IIL.1. The Hall-Watson-Cabrera kernel eq. (14) is
the restriction of the Epanechnikov kernel,

)

(16)
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o 0 otherwise

onto the surface of the sphere, S"~!.

Proof. Observe first that on the sphere S"~!, that 27z = 1,
that pl i, and that 27p; = pl'z. From this it is trivial to
observe that

n+2+20Tu; 20 —a2Tp) <n+4

) , (17)
0 otherwise

g(x ) ,U‘Z) = {
which we can transform into the kernel with input argument,
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, 18
0 otherwise (18)

from which it is trivial to see that a kernel of the same kernel
family, by scaling the function and parameter is the kernel
HWC, as required. O

From this simple observation, we can make the following
conjecture:

Conjecture III.1 (Restricted Epanechnikov). Given samples
from a probability distribution whose support is some compact
set ), which is a restriction of Euclidean space R", the
optimal kernel in terms of AMISE is the Epanechnikov kernel
restricted to the same support.

IV. PROPERTIES OF THE HALL-WATSON-CABRERA
KERNEL

In this section we describe the constants required for de-
riving the bandwidth, the efficiency of the Fisher-von Mises-
Langevin Kernel in terms of the Hall-Watson-Cabrera kernel,
a method for sampling from a Hall-Watson-Cabrera mixture
model, and a quadrature rule for approximating the Fisher-
von Mises-Langevin kernel as a simple Hall-Watson-Cabrera
mixture.

For the HWC kernel, the constants from eq. (5) can be
computed as follows,
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A. Fisher-von Mises-Langevin Efficiency

The efficiency of a multivariate kernel in Euclidean space
is determined exactly as a ratio of AMISE in terms of
the Epanechnikov kernel [3], [18]. We therefore propose a
directional kernel density estimate to the efficiency in terms
of a ratio of AMISE eq. (4) of the HWC kernel
AMISE(HWC)\ “+

BE(K) = ( AMISE(K)

which for the Fv.M L kernel, by simple algebraic manipulation
is

n 5
Eff(FyvML) = 2"+2(n +3)" 33T (”‘; ) , @D
which is the spherical analogue of the efficiency trivially
derived in [18].

B. Sampling from a Hall-Watson-Cabrera mixture

Following the work of Ulrich [19], Wood [20], and Pinzén
and Jung [21], we derive a method of sampling from a generic
isotropic kernel mixture on S”~!. For the Fisher-von Mises-
Langevin kernel, Wood [20] provides a rejection sampling
technique for generating samples thereof. There are several
obstacles preventing us from making use of rejection sampling
in the case of the Hall-Watson-Cabrera kernel, chief among
them being the fact that rejection sampling is an inherently
stochastic affair, meaning that it is not computationally ef-
ficient. The other simple fact is that it is actually possible
to compute a closed-form solution of some functions that
are difficult to compute in the case of the Fisher-von Mises-
Langevin kernel.

Observe that, as the class of kernels that we are concerned
with is isotropic, that we can express any point z on S*~! in
terms of a central starting point u, a tangential unit direction
e, and an angle 6, in terms of the exponential map on the
sphere,

x = cos(f)u + sin(f)e, (22)



where we can then rewrite the kernel parameter v as,

v="h"2(1-zTp)
=h"? (1 — (cos(O)p + sin(0)e)” ) (23)
=h"2(1 - cos¥),

meaning that by substituting a synthetic time 7 = cos @ for
€ [—1,1], it is possible to rewrite,

v="h"%1-7), (24)
and rewrite the state purely in terms of 7 as,
r=Tu+V1-—712, (25)

begetting the fact that any kernel can now be rewritten purely
in terms of mean yu, direction € and the scalar 7, as,

Kien(7) 2(1-1)),

as an alternate scalar kernel. Following [19]-[21], a sample
from any isotropic distribution can be written in the form,

Kuen(r) =Cxp o wKpen(r) 1 =7

Surface

= K(h~ (26)

2)(77.73)/27 (27)

where the first term is a normalizing constant, the second term
is the scalar kernel in the direction € from p, and the third
term accounts for the change in the area of the surface as 7
increases.

For the Hall-Watson-Cabrera kernel, the marginal kernel
around the mean g in the direction ¢ is given by,

1-h2(1-7) R2(1-7)<1
0 otherwise

)

(28)
which is a scalar kernel in the parameter 7. Substitut-
ing eq. (28) into eq. (27) we get,

HWC e n(T) = {

HWC,,c1(7) = Crowe,, ., HWC, e (1) (1 — 72) (17372,
——— —

Surface
(29)

where, through the aide of a computer algebra system, the
normalizing constant is given by,
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where oF} is the Gauss hypergeometric function for which
computational algorithms are provided by [22].
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Fig. 2. Cumulative Distribution of the Hall-Watson-Cabrera kernel marginal-
ized to the arbitrary direction e, for various values of dimension n and
bandwidth h. The z-axis spans the CDF input 7" from —1 corresponding
to a point furthest away from the mean, to 7' = 1, which is directly at the
mean.

The cumulative distribution function has a closed form,
given by,

CHWCu,E,;LFW,L,E,h (T) -

H(An(H)+AL(T) | (11 h? < 2/
72 (n—D)h? (R*+T)>1
n—1
1-T2)" 2
CENCOR S W2>2AT > 1
0 otherwise

(€29)
which can be visually plotted for various values of n and h
for all T € [—1,1] in fig. 2. The utility of this representation
of the cumulative density is in terms of inverse transform
(Smirnov) sampling, meaning that a sample from HWC,, .
can be obtained as follows,

u~ U0, 1], (32)

-1

HOAC, .1 (u),
where u is uniformly distributed on the unit interval [0, 1].
The inverse of eq. (31) is not readily representable in terms a
closed form solution, thus some sort of root finding algorithm
is required. There are two simple options for root finding for
a monotone continuous function such as eq. (31), one is the
binary search method and the other is Newton’s method, which
requires a derivative of eq. (31), which is exactly the density
function, which one can note does not require the evaluation
of a hypergeometric function other than for the normalizing
constant. This means that in the case of Newton’s method, the
number of evaluations of a hypergeometric function is exactly
one plus the number of steps of the algorithm. In practice,



it has been the authors’ experience that a simple bisection
method has faster convergence properties for larger values of
the dimension n, though does require one evaluation of the
normalizing constant, one fixed evaluation of the hypergeo-
metric function and one additional hypergeometric function
evaluation per step. It is of independent interest to develop
alternative, faster, methods for sampling from this probability
distribution.

We now move on to the problem of sampling from the Hall-
Watson-Cabrera mixture model, given by

= al 1—aTy,
Flz) o Y wHWE (hg“) : 33)

i=1

where the weights {w;} sum to one which are identical in the
case of KDE, y; are the mean directions which are the samples
in the case of KDE, and h; are the bandwidth parameters
which are typically identical and derived by minimizing the
AMISE in the case of KDE. The normalizing factor is of no
consequence in the case of sampling.

1) For the jth requested sample, sample a random compo-
nent index A from the discrete distribution defined by
the weights {w;}.

2) Sample a random direction ¢; through the following sub-
procedure due to [21]:

a) Sample a normal random vector €; of dimension
n.

b) Normalize the vector by ¢; < ¢;/ ||¢;]|

c¢) Orient the vector, €; ¢ €5 — ,uxp?\“sj, such that it
is perpendicular to the mean direction f).

d) Normalize again by €; <€,/ ||&;].

3) Sample a uniform random sample u; in the interval
[0, 1].

4) Using either Newton’s method, or the binary search
method, compute, a sample from the marginalized di-
rectional distribution,

Ty = FHWCM,EJ.,M (UJ)7

using the explicit formulation given in eq. (31).
5) A sample from eq. (33) is therefore given by the
expression,

T =Ty A1 = Tey

C. Mean direction and Concentration

As the kernel is isotropic, it is trivial to see that the
mean direction of the distribution induced by the kernel is .
What about the concentration? This is non-trivial, but can be

computed by looking at the expected value of the directional
distribution,

1
/ THWC e (T)dT =

1
Ha h? > 2
HnD(2)(hH(n—1)A, (H)+3h"J)+3/7hT (241)

( o
3n(VrhHT (253 )41 (4 ) (hH (n—1)An (H)+h" J)) otherwise
x 33—nm b
AN, ()=t oF [ =, —; =2
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which we can see by observation makes the concentration,

1
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where A, is defined in eq. (7). Note that this is the concen-

tration as defined for the Fv ML kernel, as concentration is

analogues to, but not identical to the notation of variance and

covariance.

Remark IV.1 (Inverse of A,). Suppose we want to find k
such that A, (k) = v. Observe that,

A (k) = L

nk~l + A, 10(k) (36)

and further observe that, lim,,_,oc Apt2(k) = 1. The value
of k can therefore be approximated by the following Picard
sequence,

nv nv

— Riy1 = ——————. 37
1—’U7H+1 1—UA7H_2(HZ‘) ( )

Rog =

This means that,

A (v) = lim &;.
11— 00

(38)

D. Quadrature approximation

Similar to (and inspired by) [23], we wish to derive a
quadrature relationship between the Hall-Watson-Cabrera ker-
nel and the Fisher-von Mises-Langevin kernel. We first show
that it is possible to represent the FvML kernel eq. (13) as
an integral of the HWWC kernel.

Theorem IV.1. The following holds,

FoML(v) = /O T e THWC(0/2)dr. (39)
Proof. Observe the following:
/ e T HWC (0 2)d = / (2 — v)e-da,
' = ]-fv./\/lﬁ(v),
as required. O

The integral in eq. (39) can be approximated through a
Gauss-Laguerre quadrature [24] in the form,

M
FyvML(v) = Z w;HWC (v/L;),

i=1

(40)



where M is the number of components to approximate the

integral, w; are the Gauss-Laguerre weights, and ¢; are the

roots of the Mth Gauss-Laguerre polynomial. As,
R zTp

li (W)
this means that the approximation in eq. (40) is exactly a Hall-
Watson-Cabrera mixture model approximation of the Fisher-
von Mises-Langevin kernel with non-equal weights and non-
equal bandwidths. Note that the transformation in eq. (39) is
the application of an integral transform of Laplace type [25],

FyML(v) = V2 LIxHWC (27 1)](v), (42)

(41)

meaning that we can observe the following inverse relation-
ship,

HWC (v) = vL [FyML(z)/x?)(1/v), (43)

from which a suitable approximation method will get an
approximation to the HWC kernel. While various different
methods to approxiamte this transform exist [26]-[29], it is
not possible for this approximation to be of the same type as
that of eq. (40). We now prove this fact:

Theorem IV.2. There do not exist non-negative weight func-
tions w(x) and a non-negative scaling functions s(x) such
that,

HWC(v) = / w(x) FyvML(s(z)v)dz. 44)
0

Proof. Observe that the derivative of HWWC(v) in the interval

0 to 1 is a constant —1. Observe also that

d o0

— w(z) FyvML(s(z)v)dx =
il . 45)
7/0 w(z)s(z)e @ dx

meaning that for any 0 < v < 1, that the gradient is unique
unless either the weights and scaling are zero for all x. This
means that it is impossible to have a constant gradient no
matter the combination of weights and scaling factors. O

In other words, a mixture model of Fv.ML kernels would
have to be placed at different offsets, and not just through a
reweighting and rescaling. This means that it is possible to
efficiently express the FvML kernel in terms of the HWC
kernel through a mixture model no matter the dimension, but
the reverse will rely on a dimensionally-dependent quadrature.

V. NUMERICAL EXPERIMENTS

The first experiment will validate the efficiency of the
kernel eq. (21). We construct an experiment where we compute
the MISE of two kernel density estimates, that using the
FvML kernel and the HWC kernel. We span the dimension
of the sphere from n = 2 to n = 20 in increments of one.
We take N = 1000 points that are sampled from the Fv ML
distribution with an arbitrary mean direction, and with three
different values of the concentration parameter x = 1,2, 5.
Two kernel density estimates over these points are constructed:

Efficiency (Eff(FvML))

5 10 15 20
Dimension (n)

- Predicted Efficiency
Computed Efficiency (x = 1)
Computed Efficiency (x = 2)

=+=+ Computed Efficiency (x = 5)

Fig. 3. Efficiency of the Fisher-von Mises-Langevin kernel. The blue line
represents the predicted efficiency through eq. (21), while the other lines
represent the computed efficiency for N = 1000 samples, and various
parameters K.

one with the Fv ML kernel and one with the HWC kernel.
The MISE eq. (3) is computed over 250 000 points sampled
from the uniform distribution on the sphere. The true efficiency
is computed as a ratio of the MISE similar to the calculated
efficency using the AMISE in eq. (20). The experiment is ran
over 168 separate Monte Carlo iterations (36 times the number
of cores in the machine used to compute these values), and the
reported efficiency is taken to be the mean of these runs. The
results, with a plot of the theoretical efficiency from eq. (21)
are presented in fig. 3.

For all dimensions except n = 2, the computed efficiency
is smaller than one, meaning that the Hall-Watson-Cabrera
kernel requires significantly less samples for the same level
of accuracy as compared to the Fisher-von Mises-Langevin
kernel. For x = 5, past about n = 10, the HWC kernel density
estimate effectively makes the FvM L estimate irrelevant, as
the latter requires more than 100 times the samples than the
former. For k = 1 and xk = 2 the result is not as good, but still
below one in this regime. We suspect that this result for higher
values of dimension is either due to poor calculation of the
MISE or due to the estimation of the concentration parameter
being highly biased for higher dimensions.

The second numerical experiment will validate the sampling
procedure described in section IV-B. We construct a HWC
mixture model as follows: first we take the sample values
on the sphere embedded in two dimensions, S, namely,
= [v2/2 —=v2/2]" and po = [v2/2 v2/2]", and assume
that we somehow estimated the concentration to be x = 10.
We then construct a KDE using all the machinery described
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Fig. 4. An example kernel density estimate using the Hall-Watson-Cabrera
kernel in two dimensions. The black circle is S!, the blue dotted plot is
the value of the kernel density estimate simulated, and the solid red lines
extending from the sphere are representations of the 20-bin histogram over
the computed sample points.

herein, meaning that resulting mixture has two HWC kernels
with equal weights and equal bandwidths, centered at the mean
directions p1 and ps. From this KDE mixture model, we
sample N = 10000 points, and compute the histogram over
20 equally spaced bins.

The results of this numerical experiment can be seen
in fig. 4. As can be seen, the computed histogram nearly
matches the whole distribution over all bins, meaning that
the sampling procedure described, and equations derived, are
numerically validated.

It is important to note that while the experiment was
performed in two dimensions, the derived equations are likely
valid for all cases, including the very important n = 4
case [30].

The third experiment validates the Gauss-Laguerre quadra-
ture for the Fv.M L kernel in terms of the HWC kernel derived
in section IV-D. We focus on the arbitrary variable v, and
derive the Gauss-Laguerre quadrature eq. (40) for M = 1,
M =3 and M = 10.

As can be seen in fig. 5, the quadrature approximations
approach the correct function as the number of quadrature
points grows. For M = 1 the approximation is similar to, but
not equivalent to, replacing the FvML kernel by the HWC
kernel with modified bandwidth. For M = 3 the dominant
behavior of the kernel is approximated well, with significantly
less error evident by visual inspection. Finally for M = 10
the approximation has very little error, meaning that it is likely
that the quadrature rule derived is valid.

It is interesting to note that this quadrature by the Hall-
Watson-Cabrera kernel bears a striking resemblance to rec-
tified linear unit [31] universal function approximation [32].

1 -
0.8 1
0.6
=
%
0.4 1
0.2 1
.--.".-—-1---
0 - -
0 1 2 3 4 )
v
— FvML Kernel
Gauss-Laguerre quadrature M =1
Gauss-Laguerre quadrature M = 3
==== Gauss-Laguerre quadrature M = 10
Fig. 5. A representation of the quadrature rule described in eq. (40) for

various values of M. The solid blue line represents the Fv.ML kernel, the
dashed red line represents its approximation with M = 1 quadrature point, the
dotted yellow line represents its approximation with M = 3 quadrature points,
and the dash-dotted purple line represents its approximation by M = 10
quadrature points.

The exploration of which is beyond the scope of this work.

VI. CONCLUSIONS

In this work, we rediscover the Hall-Watson-Cabrera kernel
for spherical kernel density estimation. We derive the effi-
ciency of the Fisher-von Mises-Langevin kernel in terms of
this kernel, how to sample from a HWC mixture model,
and a quadrature rule that expresses the FvMJL kernel in
terms of the HWC kernel. We then numerically validate all
the properties derived. For future work, we will apply the
HWC kernel density estimation techniques to non-linear pose
estimation.
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