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Abstract—We propose a rejection-free method to obtain
homogeneous, deterministic samples from the Watson distribution
in S', S?, and S3. The Watson distribution is a special case of
the Bingham distribution in that it is rotationally symmetric
around its mean-direction parameter. We propose a solution
that generates the samples efficiently: Low-dispersion samples are
obtained by transforming low-discrepancy, uniform samples via an
orthogonal inverse transform. We compare several strategies for
computing this transform efficiently. In computational experiments
estimating certain expected values, we demonstrate a much better
convergence rate of the proposed deterministic samples compared
to random samples.

I. INTRODUCTION

The Watson distribution, also known as the Dimroth-
Scheidegger-Watson Distribution [1], is a density on the unit
sphere SP~! C RP. It is defined by
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is the confluent hypergeometric function of the first kind [1],
[2]. The meshes in Figs. 1 and 2 visualize various Watson
distributions in S2.

A. Application Scenarios

Many measurements naturally live on a unit sphere and have
an antipodal symmetry, meaning that the directions z and —z
describe the same physical state. Gaussians in RP ignore the
spherical geometry, and even directional models such as the
von Mises—Fisher distribution are not antipodally symmetric.
The Watson distribution is one of the simplest models that
has this symmetry, which is why efficient sampling from it is
useful in practice.

A typical example is rigid-body orientation estimation.
Orientations are often parameterized by unit quaternions,
because they do not suffer from singularities or the “gimbal
lock” of Euler-angle parameterizations [3], remain well-defined
where Rodrigues vectors become singular at 180° rotations [4,
p- 30], and provide a more compact representation than rotation
matrices [4, p. 48]. A unit quaternion and its antipode represent
the same rotation, so the distribution on the quaternion sphere
S? has to be antipodally symmetric. The Watson distribution
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Fig. 1: Sets of 400 Samples (red dots) on S? obtained with
our proposed method for different parameters . The mesh
represents the respective Watson density function on the sphere.
(The sphere itself is not shown here, but in Fig. 2.)

matches this symmetry of SO(3) [3] and is used for orientation
estimation [5], [3] and pose estimation [6]. In sample-based
filters [7], new samples have to be drawn from a Watson
distribution at every time step, so the cost per sample and
the quality of the approximation matter for both runtime and
accuracy.

Directional embeddings also occur in several machine
learning and data-mining contexts [8], [9], where unit-norm
feature vectors carry no preferred sign. With thinly spread
data, the Watson distribution can model the data better than
the simpler von Mises—Fisher distribution [9]. Sampling is
needed for generating synthetic test data and as a building
block in EM-style learning of Watson mixture models. Other
application scenarios include clustering [10], RGB-D image
segmentation [11], and medical imaging, e.g., the diffusion
MRI model NODDI, which uses the Watson distribution to
describe fiber-orientation dispersion in brain tissue [12], [13].

In each of these settings, expectations under the Watson
distribution have to be approximated numerically, e.g., for filter
updates, likelihoods, or downstream cost functions. The existing
options have known drawbacks: random sampling converges
only at the L~'/2 Monte-Carlo rate [14], while grid- and
subdivision-based schemes [15], [16] pay full computational
cost for points that contribute very little to the result. This
motivates the deterministic, low-discrepancy sampling approach
proposed here.
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(a) k = —15, L =400

(b) Kk = =5, L =400

(¢) k=0, L =400

(d) k=5, L =400

(e) k =15, L =400

(f) K =50, L =400

Fig. 2: Sets of 400 Samples on S? with our proposed method and different parameters .

B. State of the Art: Quaternion Filtering

Due to the fact that the antipode of a unit quaternion repre-
sents the same rotation [15], quaternion filters often employ
distributions with antipodal symmetry such as the Watson
distribution or its generalization, the Bingham distribution
[15]. Existing quaternion filters often rely on random sampling
schemes [6], [17].

Techniques to draw random samples from the Watson
distribution have been explored in [18] and [10]. However, for
numerical integration, random samples have the disadvantage
of slow convergence, where the standard deviation of the result
decreases with the square root of the number of samples [14].

As alternatives to random sampling, in [15], grid-based
quaternion filtering techniques were explored, but this method
has the disadvantage that grid points with low weights do not
contribute much to the solution, but equally to computational
complexity. Another technique explored in [16] is tesseract
subdivision, but it also has the same disadvantage as grid-
based techniques. Geometry-driven deterministic samples for
the related Bingham distribution have been proposed in [19],
[20], but no analogous construction is available for the Watson
distribution.

C. State of the Art: Transformable Deterministic Sampling

Several related transformation-based deterministic sampling
techniques have already been explored. In [21], deterministic
uniform sampling on spheres and SO(3) is presented. Further-
more, deterministic samples have been proposed for the Gaus-
sian [22], [23], [24] and von Mises—Fisher [25] distributions,
for the circle [26], on the 2-sphere via Dirac mixture reduction
[27], as well as for arbitrary densities via rejection [28] or
equal-volume sphere packing [29]. Deterministic sampling for
all densities that are separable in spherical coordinates was
proposed in [30]. Additionally, [31] explored replacing the
random sampling step in particle filtering with a deterministic
alternative.

D. Contribution

We propose and evaluate multiple techniques for computing
deterministic samples of the Watson distribution in S!, S2, and
S3. In the case of S2, we additionally introduce a closed-form
solution for the orthogonal inverse transform (Section IV). We
present several numerical computation techniques, including
inverse interpolation and an inverse ordinary differential
equation (ODE), as well as a substitution to avoid numerical



problems with the inverse ODE, and an ODE formulation
with sample events (Section VI). These numerical methods
can not only be used on S2, but also in all other dimensions.
We provide an empirical comparison of runtime performance
of the different methods (Fig. 3). In addition, we provide an
empirical comparison of the performance of several sample
types by using them for numerical integration (Section VII).

E. Structure

The paper is structured as follows. In Section II, we list
a few methods producing uniform low-discrepancy points
with the required dimensions and periodicity. These are then
transformed via the quantile functions derived in Section III
for St, Section IV for S2, and Section V for S3. Some of these
quantile functions cannot be represented in closed form but have
to be evaluated numerically with one of the methods described
in Section VI, where there are always very fast choices, see
Fig. 3. Finally, we perform an evaluation in Section VIL.

II. UNIFORM REFERENCE POINT SETS

A. Equidistant Point Sets

For the one-dimensional / univariate (1D) case, the equidis-
tant point set {z;}% |, where L denotes the total number of
points,

xi:zﬂz, 1€{0,1,..., L —1} | (1)
or its centered variant
2i—1

i = , ) 1,2,...,L} , 2
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can be used [25].

B. Fibonacci—Rank-1 Lattice

For the two-dimensional (2D) case, the Fibonacci—Rank-1
lattice can be used. It is the best possible low-discrepancy point
set in the periodic unit square or torus [0,1)? [25], [32]. It is
defined as
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or its centered variant
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i€{0,1,...,Fibgys — 1} , (6)

where Fiby is the k-th Fibonacci number [25]. It is periodic
in both directions. One disadvantage of this point set is that
the total number of points L has to be a Fibonacci number.

C. Fibonacci-Kronecker Lattice

Unlike the Fibonacci—-Rank-1 lattice, the Fibonacci—
Kronecker lattice can be constructed for an arbitrary number
of points. It is defined by
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and its centered variant
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where ® is the inverse golden ratio

1 V5-1
= =0.618033. ..
) 2

[25], [30].

The Fibonacci—Kronecker lattice consists of equidistant
points along the first coordinate and the Fibonacci—Kronecker
(also called Golden-Fibonacci) sequence along the second. It
is periodic along the latter coordinate and can therefore be
projected onto a sphere, with that axis mapped to the periodic
spherical coordinate [30].

D. Rank-1 Lattice

A generalization of the Fibonacci—Rank-1 lattice is the class
of rank-1 lattices. They can be constructed via

Pr(g) ={i-gmod 1}, , ©9)

where g is a generator vector. Possible generators were explored

in [33], [34, 5.3.2.B] and [34, p. 3.1.2].
E. Sobol

Another well-known alternative is the Sobol sequence [30],
[35], [36]. It forms a low-discrepancy point set with periodic
structure in every coordinate direction and is implemented in
many major programming languages [30]. Note that the Sobol
sequence is designed to provide n = 2" low-discrepancy points
in [0, 1)¢. Choosing a sample size n that is not a power of two
can significantly degrade its balance properties [37].

III. WATSON DISTRIBUTION ON St

On S', we parametrize the unit circle using the angle ¢ €
[0, 27) via
cos
[('0] - [sin cp]
For pu = [1 O] T, this yields the density function

Flg | k) o< exp(r - (cos())?) -

The associated cumulative density function (CDF) is given by

® 2
F(o| k) o</ e (cos(e))” g
0

(10)

Unlike the S? case, this integral does not simplify to a closed
form, so one of the other methods described in Section VI
must be used for computation.
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Fig. 3: Computation time for generating identical samples on S? using our closed-form approach versus the numerical method

in Section VI, shown for different x and L.

IV. WATSON DISTRIBUTION ON S?
On S?, the following transformation maps to spherical

coordinates
|: 7 :|
—

A. Generic Procedure

sin(6) - cos(p)

sin(6) - sin(yp)
cos(6)

(11)

When transformed to the spherical coordinate system and
choosing p= [0 0 1] " the density function of the Watson
distribution can be observed to be constant with respect to ¢,
and we get

f(0,¢ | k) < exp(r - (cos(6))?) . (12)

This does not depend on ¢ and is therefore separable into two
factors f(0,0) = f1(0) - fa(v), where f; is constant. From
this, the samples could already be computed as described in
Section VI-B.

B. Closed-Form Solution

As an alternative, we will now pursue a closed-form solution
(that will turn out to be faster, see Fig. 3).
1) Cumulative Function: The CDF

F(0,¢| k) (13)
» 0 R
x / / e (39 sin(9) dA de (14)
0o Jo
¢ - (Erfi(y/k) — Erfi(y/k - cos(0))) , k>0
x
¢ - (Erf(v/—k) — Erf(v/—k - cos(0))) , k<0
(15)
where Erf is the error function and Erfi is the imaginary error
function Erfi(z) = —i - Erf(i - 2), is separable into two factors
F(0,¢) = F1(0) - F2(p)
F(0) Erfi(y/k) — Erfi(y/k - cos8) k>0
! Erf(y/—k) — Erf(y/=k -cos@) , k<0 '
(16)
Fa(e) = . (7)
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Algorithm 1 Deterministic sampling on S?

Require: concentration x, sample count L
1: generate uniform points {(p;, )}~ , € [0,1)? from a 2D
low-discrepancy sequence (Section II)
2: fori=1,...,L do
3 0; < Qo(pi; k) via (18)
4 i Qplqi) = 2mq;
5.z, + [sin6; cos;, sinf;sin@;, cos;] "
6: end for
7: return {z,;}

2) Quantile Function: Inverting and simplifying yields the
quantile functions, where p, g € [0, 1] are uniform inputs,

Qo(p) =

(& Bfi((1 - 20)  Brfi(VR))
cos™! \/%7 “Erf (1 - 2p) - Erf(ﬁ))) , k<0

Qp(q) =2mq . (19)

These quantile functions can be used to transform uniform
reference point sets. In particular, insert the uniform coordinates
from a two-dimensional low-discrepancy sequence into Qg
and @, respectively, and transform the resulting spherical
coordinates to Cartesian with (11). The full procedure is
summarized in Algorithm 1.

For example, choosing the centered variant of the Fibonacci—
Kronecker lattice as described in (8) yields

V1i—w?- 005(2”)

(18)

cos k>0

L=

3

gif: \/1—w2~sin(2¢'i) ,
w
where
NG .Erﬁfl(% -BErfi(y/k) , k>0
w= \/% Erf (2L L Eif(y=k)) , k<0
1—2¢+L K= 0
L )



Note that in most scientific programming languages, the inverse
imaginary error function Erfi
We found that a fast way of computing it is solving Erfi(x) =
with Newton’s method, where Erfi itself can be evaluated, e.g.,
with the Faddeeva package [38].

Figures 1 and 2 show samples produced by this procedure
for several concentration parameters. For positive k, the
samples concentrate around the two poles defined by +pu
(bipolar regime), with concentration growing as « increases. For
negative x, the samples concentrate on the equator orthogonal
to p (girdle regime). For xk = 0, the Watson distribution reduces
to the uniform distribution on the sphere, and the samples cover
S? uniformly.

V. WATSON DISTRIBUTION ON S?
Similarly, on S3, the coordinate transformation

cos
sin - cos 6
sin) - sinf - cos ¢
siny -sin 6 - sin

(4
0

can be used. For py=[1 0 0 O]T,
function

this yields the density

F.0,¢ | k) o< exp(k - (cos(1))?) .

The associated CDF

F(y,0,¢)
/ / / we(cos(®)? . gin(9) - (sin(¢))? dep d d
(20)
w 2
x / e (s (1 — cos(f)) - (sin(y))2dep  (21)
0

is separable into three components, two of which have closed
form quantile functions, with p € [0, 1],

Qo(p) =
Qe (p)
Q. (p) does not have a closed form, so one of the methods

described in Section VI has to be used. The inverse interpolation
method in Section VI-A is advisable here.

cos (1 — 2p) (22)
27p (23)

VI. COMPUTATION OF QUANTILE FUNCTIONS FROM
DENSITIES

This section will describe and evaluate various numerical
methods to compute quantile functions. Some of them have
already been proposed in [30], but we will reiterate them
here for reference, tailor them to the specific case of Watson
distributions, including a novel substitution for the inverse ODE
method, and compare their computational complexity.

~1(-) is currently not implemented.

A. Numerical Integration and Inverse Interpolation

The CDF of, e.g., the Watson distribution can also be
computed numerically. To do this, we formulate an ODE

Fl(x) = fa(x)

where f, is the 1D marginal density of the corresponding
variable. Solving the ODE gives us a numerical representation
(input-output-tuples) of the CDF. Swapping the tuple entries
and then interpolating yields an approximation of the desired
quantile function ). This method is universally applicable.

1) Inverse Interpolation for S?: On S2, the 1D marginal of
the polar angle is

F(0)=0, (24)

27

f(0,¢) - sin(0) de = 27 f(0,0) - sin(6) ,
0
where f is the normalized Watson density.
Using notation commonly used in ODE solver documentation
[30], we integrate the CDF of the polar angle 6 on [0, 7],

u'(0) = 27 - £(6,0) - sin(h) u(0) =0, (25)

where u(0) = Fy(f). We can then use a typical numerical
ODE solver to compute (¢, u)-tuples approximating F;. Ex-
changing the coordinates and interpolating them then yields
an approximation of the quantile function @ [30].

2) Inverse Interpolation for S3: Similarly, for S?, we have
the 1D marginal of 1)

27 T
/0 / F(6,0,0) - (sin())? - sin(6) dody  (26)
=4m- f(w’ Ov 0) : (51n(¢))2 ; (27)

where f is the normalized Watson density. We then solve the
ODE

W (Y) =4 f(1,0,0) - (sin(¥))® ,  w(0)=0, (28)

and compute the quantile function () in the same manner as
in Section VI-Al.
B. Inverse ODE

Alternatively, we can directly write (); as an ODE in terms
of f, [30]

|
u(p)_ifm(u(p)) ,

1) Inverse ODE for S?: In particular, for 6 on S?, this yields

w(0) =0 . (29)

1
27 - f(u(p),0) - sin(u(p)) ’
However, the denominator, due to the sine function factor,

becomes zero at the poles (§ = 0, ), causing numerical issues
due to division by zero.

u'(p) = w(0)=0 . (30
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Fig. 4: Mean absolute integration error for various sampling methods (colored lines) and numbers of samples (abscissa).

2) Inverse ODE for S? with Substitution: This can be
circumvented via the following substitution. From (14) it looks
advantageous to substitute —cos(§) — z, z € [—1,1]. This
eliminates the sin(u(p)) factor and leads to the ODE

1
21 f(cos1(u(p)),0) ’
which can now be solved without numerical problems. Note

that z = —cos(f) can be identified with the Euclidean z
coordinate due to the spherical coordinate system (11).

u'(p) w0)=-1 @31

C. ODE with Event Locations

Using the original ODE from Section VI-A, ODE solvers
can also take a set of events as input and then find the locations
where those events occur [34, Sec. 7.4.5]. This can be used to
directly evaluate Q; (ptargetj) by defining L event functions

jefl,... L}, (32

and letting the ODE solver find the locations where these events
occur. These event locations can then be directly interpreted
as the transformed samples [34, Sec. 7.4.5]. This method is
universally applicable, however quite slow, see Fig. 3.

€j (Ga U) = U — Ptarget; >

D. Performance Comparison

We evaluated the performance of computing samples for
various x and sample counts L on S? using the closed form
proposed in Section IV and the numerical methods described in
Section VI, i.e., numeric integration with inverse interpolation,
inverse ODE, and inverse ODE with event locations. All
approaches implement the same orthogonal inverse transform
and produce the same samples, except for negligible numerical
deviations.

As expected, the closed-form solution consistently performed
the best. Numerical integration with inverse interpolation and
the inverse ODE performed similarly and slightly worse than
the closed form. For the inverse ODE with event locations, we

observed a large performance drop at higher sample counts
because each event location adds significantly more overhead
than in the other methods. See Fig. 3 for details.

VII. EVALUATION

This section evaluates different kinds of samples created with
the proposed algorithm and compares them against existing
methods. We numerically integrate

[ 1w s@ars £ 0w) . m~ S G

with x € S™ and where f is the Watson probability density
function (PDF) and

9(z) = ||z — x| (34)

is the exemplary test function, here the distance of x from the
point z.

Using k = }T for S? as well
as z, = [4 5 6 7] for S?, we compared the abso-
lute integration error for varying sample counts from 1 to
10%. The reference integration result was computed with
scipy.integrate.nquad from the SciPy Python library.

S? samples were computed using the closed-form formula
described in Section IV. Fig. 4a shows the absolute errors for
random samples, samples using the Fibonacci—Kronecker lattice
described in Section II-C, Sobol samples and samples based
on the Fibonacci—Rank-1 lattice described in Section II-B.

Furthermore, S? samples were computed numerically using
the method described in Section VI-A. Fig. 4b shows the
absolute errors for random samples, Sobol samples and samples
based on different kinds of rank-1 lattices using various
generators. The samples labeled kronecker and rankl
were constructed with generators detailed in [34, 5.3.2.B] and
[34, p. 3.1.2], respectively. Note that these generators are only
available for L < 177 and L < 155.

10 and 2y = [4 5 6
}T



The samples labeled rankl_cbc were constructed using
the component-by-component construction method for rank-1
lattice rules with a prime number of points and product weights
described in [33].

In both S% and S? (Fig. 4), the deterministic sample sets
clearly outperform random samples, exhibiting an empirical
convergence of roughly L~' rather than the L~!/2 rate of
random samples. Among the deterministic sets, the differences
between Sobol, Fibonacci—Kronecker, Fibonacci—-Rank-1, and
the rank-1 lattices are comparatively small, with all of them
lying close to the same L~! trend.

The Python source code of our implementation for generating
the deterministic samples as well as reproducing the evaluation
is available at [39], [40]. In addition, it is available on
CodeOcean and linked on the IEEE Xplore page.

VIII. CONCLUSION
A. Advantages

We proposed a rejection-free approach for deterministic
sampling of the Watson distribution on S!, S%, and S?
by transforming low-discrepancy uniform samples with an
orthogonal inverse transform. We presented and compared
different methods of computing quantile functions, including a
closed form for S?. With the proposed deterministic samples,
we observed an empirical convergence of roughly L~! — much
faster than the L~'/2 for random samples. For example, we
can reach the error 0.01 in Fig. 4b with about 10 deterministic
instead of about 100 random samples.

B. Limitations

In the S and S? case, closed-form mappings are not available
for all coordinates, so numerical methods have to be used (some
of which are still very fast).

Furthermore, the Watson distribution is spherically symmet-
ric and therefore, unlike the Bingham distribution, not able to
represent correlations between different angles.

C. Outlook

Future work includes extending the approach to higher
dimensions. In addition, deterministic sampling on the more
general Bingham distribution has to be investigated. This would
enable efficient low-discrepancy sampling for more general
antipodally symmetric models.
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