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Abstract—Uncertainty quantification for regression models is
crucial for reliable decision-making in safety-critical applications,
yet global calibration metrics such as the mean squared error
(MSE) overlook local differences in calibration quality in different
input-space regions. Existing local calibration assessment methods
rely on heuristic data structure choices to partition the input
space before evaluating calibration in the output space within
each identified partition. We introduce a principled local distance
measure that operates directly in the joint input-output space
by representing test data as a Dirac mixture probability density
function (PDF) and model predictions as a hybrid PDF, enabling
the application of the localized cumulative distribution (LCD)
integral transform and the modified Cramér–von Mises (mCvM)
distance. This formulation avoids heuristic partitioning choices,
as locality emerges naturally from kernel-based bandwidth
integration in both input and output dimensions. Synthetic
regression experiments demonstrate that our method reveals local
miscalibration in Bayesian neural network (BNN) predictions
with consistent behavior across different inference methods.

Index Terms—Bayesian neural networks, uncertainty quan-
tification, calibration testing, localized cumulative distributions.

I. INTRODUCTION

In many safety-critical applications, effectively quantifying
the uncertainty of predictive models is crucial for building
trustworthy systems. Uncertainty-aware regression models
such as BNNs offer a powerful means of capturing predictive
uncertainty, with the promise that a model will indicate when
it is uncertain about its predictions, e.g., by increasing the
variance of the output distribution.

In practice, however, the quality of uncertainty estimates
varies across the input space. Despite advances in approximate
inference techniques such as Markov chain Monte Carlo [1],
variational inference [2], or expectation propagation [3], a
model may yield well-calibrated predictions in some regions
while producing poorly calibrated outputs in others. For
instance, regions densely covered by training data often yield
well-calibrated predictions, whereas regions with sparse or
absent training data may produce over- or underconfident
estimates. In this context, calibration refers to the consistency
between the predicted uncertainty and the actual uncertainty
inherent in the data-generating process, typically assessed using
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test samples. Identifying input-space regions of suboptimal
calibration is therefore critical to ensuring trustworthy
predictions, particularly when these predictions inform safety-
critical decisions. However, assessing local calibration remains
challenging. Architecture and likelihood choices induce struc-
tural assumptions, and approximate inference can lead to local
miscalibration even when global metrics appear satisfactory.
Standard calibration measures such as the MSE or uncertainty
calibration error (UCE) [4] typically focus on global evaluations
and overlook input-dependent calibration discrepancies.

To address this limitation, our previous work [5]–[9]
proposed local calibration assessment methods that evaluate
calibration at arbitrary input locations. These approaches rely on
specific data structures for organizing or weighting test samples,
such as intervals [5], Voronoi tessellations [6], kd-trees [7], ball
trees [8], or spherical input-space kernels [9]. After grouping
test data according to these structures, a calibration measure
is applied within each region or neighborhood, such as the
averaged normalized estimation error squared, UCE [4], or its
multivariate extension [10]. While these methods enable local
assessment, they follow a two-step procedure: first, defining
local regions in the input space using a chosen data structure,
then evaluating calibration in the output space within those
regions. This approach works well in practice, but the choice of
data structure for defining locality remains heuristic, as different
structures can yield different assessments for the same model.

In this paper, we take a fundamentally different approach by
deriving a distance measure directly in the joint input-output
space using the LCD [11] integral transform, as shown in Fig. 1.
Our key insight is to represent test data as a Dirac mixture
and model predictions as a hybrid PDF, both in the joint input-
output space, where the hybrid PDF has continuous output com-
ponents anchored at discrete input locations. This formulation
allows us to apply the LCD transform. By integrating over ker-
nel bandwidths in both input and output dimensions, we obtain
a principled distance measure D(

¯
mx) that naturally captures

locality through the kernel-based integral transform itself.
Our contributions are threefold. First, we formulate the

local calibration testing problem in terms of hybrid densities
and derive the LCD transforms for both test data (represented
by a Dirac mixture) and model predictions (represented by
a hybrid PDF), enabling principled distance computation
in joint input-output space. Second, we develop the local
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Fig. 1: Overview of the proposed method, in which test data and predictions
are represented as Dirac mixture and hybrid PDF, respectively, in the joint
input-output space. Their LCD transformations are then compared using a
local distance measure for a given input query point

¯
mx.

distance measure with explicit bandwidth integration and
analytical/semi-analytical solutions, including a penalty term
to handle kernel boundary effects. Third, we demonstrate on
synthetic regression examples that our method enables local
calibration assessment without heuristic spatial partitioning
and reveals local miscalibration patterns in BNN predictions.

Notation: In this paper, underlined letters, e.g.,
¯
x, denote

vectors, boldface letters, such as
¯
x, represent random variables,

while sets are represented as calligraphic letters, e.g., D.
Expected values are denoted by ·̂, and covariance matrices
by C. In case of scalar variance, we use σ2.

II. PROBLEM STATEMENT

Given a trained model and test data, our goal is to
develop a local distance measure D(

¯
mx) that quantifies the

discrepancy between predicted and observed distributions
in the neighborhood of a query point

¯
mx. For this, we aim

to derive a distance measure that operates directly on the
combined input-output space, where locality emerges naturally
from the distance computation itself.

Consider a regression model that quantifies uncertainty, e.g.,
a BNN, characterized by a predictive distribution f(

¯
y |

¯
x),

where
¯
x ∈ Rdx is the input and

¯
y ∈ Rdy is the output.

We evaluate the predictive distributions on a test data set
{(
¯
xn,

¯
y
n
)}Nn=1 with N test data points, where

¯
xn is the n-th

input and
¯
y
n

is the corresponding observed output.
The test data represent empirical samples from an unknown

true joint input-output distribution ftrue(
¯
x,
¯
y). To formulate a

distance measure in the joint input-output space, we view the
test data as Dirac mixture approximation of the true joint PDF,

fDM(
¯
x,
¯
y) =

N∑
n=1

wnδ(
¯
x−

¯
xn)δ(

¯
y −

¯
y
n
) , (1)

where δ denotes the Dirac delta distribution and wn are weights,
typically chosen as uniform wn = 1/N. Using the continuous
predictive distribution f(

¯
y |

¯
x), we can construct the model’s

joint PDF fH(
¯
x,
¯
y) = f(

¯
y |

¯
x)f(

¯
x), by approximating the

test input PDF as f(
¯
x) =

∑N
n=1 wnδ(

¯
x−

¯
xn). Therefore, the

model’s joint becomes a hybrid PDF

fH(
¯
x,
¯
y) =

N∑
n=1

wnδ(
¯
x−

¯
xn)f(

¯
y |

¯
xn) , (2)

which is discrete in the input space (point masses at test
locations) but continuous in the output space, e.g., a Gaussian
N (

¯
y; ˆ
¯
y(
¯
xn),C(

¯
xn)) with mean ˆ

¯
y(
¯
xn) and covariance C(

¯
xn).

The task of assessing local calibration now translates to
deriving a principled distance measure between these two
representations that naturally captures locality around arbitrary
query points

¯
mx in the input space, without imposing heuristic

data structures for defining neighborhoods. To address this,
we leverage the localized cumulative distribution (LCD), a
multivariate generalization [11] of the univariate cumulative
density function (CDF).

III. BACKGROUND AND RELATED WORK

A. Localized Cumulative Distribution

The LCD is defined as

F (
¯
m, b) =

∫
R

dξ

f(
¯
ξ)K(

¯
ξ,

¯
m, b) d

¯
ξ ,

where f(
¯
ξ) is a PDF over Rdξ , and K(

¯
ξ,

¯
m, b) is a kernel

function centered at
¯
m ∈ Rdξ with bandwidth b ∈ R+. The

kernel function is typically chosen as a Gaussian kernel [11]

K(
¯
ξ,

¯
m, b) = exp

(
−
∥
¯
ξ −

¯
m∥22

2b2

)
.

The LCD provides a smoothed, localized representation of a
distribution, where the kernel center

¯
m determines the location

and the bandwidth b controls the degree of localization.
For specific distribution types, the LCD can be computed

analytically. For a Gaussian distribution f(
¯
ξ) = N (

¯
ξ; ˆ
¯
ξ,C),

the LCD has the closed-form expression

FG(
¯
m, b) = (2π)

dξ
2 bdξN (

¯
m− ˆ

¯
ξ,C+ b2I) . (3)

For a Dirac mixture f(
¯
ξ) =

∑N
n=1 wnδ(

¯
ξ −

¯
ξ
n
), LCD reads

FDM(
¯
m, b) =

N∑
n=1

wnK(
¯
ξ
n
,
¯
m, b) .

B. Modified Cramér–von Mises Distance

To compare distributions via their LCDs, the mCvM distance

dCM =

∫ bmax

0

w(b)

∫
R

dξ

(
F̃ (

¯
m, b)− F (

¯
m, b)

)2
d
¯
m db , (4)

integrates the squared difference of two LCDs F̃ (
¯
m, b) and

F (
¯
m, b) over both the spatial domain and the bandwidth

parameter, where bmax is the maximum bandwidth, and w(b)
is a weighting function, typically chosen as w(b) = 1/bdξ−1.



This distance metric has been used for various tasks,
including finding optimal sample positions for Dirac mixture
approximations of continuous distributions [11] and sample
reduction of Dirac mixtures [12].

IV. LCD-BASED LOCAL DISTANCE MEASURE

The standard mCvM distance integrates over the entire
spatial domain, making it inherently global rather than local.
We therefore extend the mCvM framework to enable local
calibration assessment in the joint input-output space. Our
approach consists of three main components: First, we derive
LCD transforms for both test data (a Dirac mixture) and model
predictions (a hybrid PDF). Second, we develop a localized ver-
sion of the modified Cramér–von Mises distance that depends
on a query point in the input space. Third, we provide analytical
and semi-analytical solutions for efficient computation.

A. LCD Transforms
Since test data and model predictions may differ in scale

across the input and output dimensions, we employ an
anisotropic kernel with separate bandwidths for each dimension.
We denote the joint variable as

¯
ξ = [

¯
x⊤,

¯
y⊤]⊤ ∈ Rdx+dy ,

the kernel center as
¯
m = [

¯
m⊤

x , ¯
m⊤

y ]
⊤, and the bandwidth

vector as
¯
b = [bx, by]

⊤, where bx ∈ R+ and by ∈ R+ control
localization in input and output space respectively. The
anisotropic product kernel is defined as

K(
¯
ξ,

¯
m,

¯
b) = K(

¯
x,

¯
mx, bx)K(

¯
y,

¯
my, by) , (5)

where each factor is a Gaussian kernel in its respective
dimension. This separable structure is crucial for computational
efficiency and allows independent integration over input and
output components.

1) LCD of Test Data: The LCD of the test data Dirac mix-
ture (1) is obtained by integrating with the anisotropic kernel
and exploiting the separability of the product kernel, resulting in

FDM(
¯
m,

¯
b) =

∫
Rdx

∫
Rdy

fDM(
¯
x,
¯
y)K(

¯
ξ,

¯
m,

¯
b) d

¯
y d

¯
x

=

N∑
n=1

wnK(
¯
xn, ¯

mx, bx)K(
¯
y
n
,
¯
my, by)

=

N∑
n=1

wnF
(n)
D (

¯
mx, bx)F

(n)
D (

¯
my, by) ,

where F
(n)
D (·) = K(·) is the LCD of the n-th Dirac component.

2) Hybrid LCD of Model Predictions: The LCD of the
hybrid distribution (2) can be derived by exploiting the
separability of the product kernel. This leads to

FH(
¯
m,

¯
b) =

∫
Rdx

∫
Rdy

fH(
¯
x,
¯
y)K(

¯
ξ,

¯
m,

¯
b) d

¯
y d

¯
x

=

N∑
n=1

wnK(
¯
xn, ¯

mx, bx)

∫
Rdy

f(
¯
y |

¯
xn)K(

¯
y,

¯
my, by) d

¯
y︸ ︷︷ ︸

FC(
¯
m

y
,by)

=

N∑
n=1

wnF
(n)
D (

¯
mx, bx)F

(n)
C (

¯
my, by) ,

where F
(n)
D (·) represents the LCD of the input space Dirac

component, and F
(n)
C (·) represents the LCD of the continuous

predictive distribution in output space. For Gaussian predictive
distributions, the output LCD F

(n)
C (·) has the closed-form

expression (3), enabling efficient computation.

B. Local Modified Cramér-von Mises Distance

Having derived the LCD transforms for both test data and
model predictions, we now define a localized distance measure
that quantifies their discrepancy at arbitrary query points in
the input space.

1) Formulation and Query Point Dependence: Unlike the
global mCvM distance (4) which integrates over the entire
spatial domain, we propose a local variant that explicitly
depends on a query location

¯
mx in the input space. This is

achieved by retaining the kernel center dependence in the
input dimension, yielding

D(
¯
mx) =

∫ bmax
x

0

∫ bmax
y

0

w(bx)w(by)

·
∫
Rdy

(FH(
¯
m,

¯
b)− FDM(

¯
m,

¯
b))

2
d
¯
my dbx dby ,

where bmax
x and bmax

y are chosen based on the scale of input
and output spaces.

2) Weighting Functions: The bandwidth weighting functions
w(bx) and w(by) modulate the contribution of different kernel
scales to the distance measure. We choose the weighting
functions as

w(bx) =
1

bdx−cx
x

and w(by) =
1

b
dy−cy
y

, (6)

where cx, cy > 0 are hyperparameters controlling the influence
of bandwidth across scales. This is a generalized version of
the standard LCD weighting: when cx = cy = 1, we recover
the classical weighting function.

3) Local Distance Expansion and Separability: To
facilitate computation, we expand the squared difference
of LCDs (FH − FDM)2 = F 2

H − 2FHFDM + F 2
DM, which

leads to the sum of three distance terms D(
¯
mx) =

D1(
¯
mx)−2D2(

¯
mx)+D3(

¯
mx). These terms are then given by

D1(
¯
mx) =

N∑
i=1

N∑
j=1

wiwj

·
∫ bmax

x

0

w(bx)F
(i)
D (

¯
mx, bx)F

(j)
D (

¯
mx, bx) dbx︸ ︷︷ ︸

I
(i,j)
1,x

·
∫ bmax

y

0

w(by)

∫
Rdy

F
(i)
C (

¯
my, by)F

(j)
C (

¯
my, by) d¯

my dby︸ ︷︷ ︸
I
(i,j)
1,y

,

(7)



D2(
¯
mx) =

N∑
i=1

N∑
n=1

wiwn

·
∫ bmax

x

0

w(bx)F
(i)
D (

¯
mx, bx)F

(n)
D (

¯
mx, bx) dbx︸ ︷︷ ︸

I
(i,n)
2,x

·
∫ bmax

y

0

w(by)

∫
Rdy

F
(i)
C (

¯
my, by)F

(n)
D (

¯
my, by) d¯

my dby︸ ︷︷ ︸
I
(i,n)
2,y

,

(8)

D3(
¯
mx) =

N∑
n=1

N∑
m=1

wnwm

·
∫ bmax

x

0

w(bx)F
(n)
D (

¯
mx, bx)F

(m)
D (

¯
mx, bx) dbx︸ ︷︷ ︸

I
(n,m)
3,x

·
∫ bmax

y

0

w(by)

∫
Rdy

F
(n)
D (

¯
my, by)F

(m)
D (

¯
my, by) d¯

my dby︸ ︷︷ ︸
I
(n,m)
3,y

,

(9)

where the pairs (i, j), (i, n), (n,m) index the pairwise products.
Due to the product kernel structure (5), the resulting bandwidth
integrals (underbraced terms) are separable into input and
output space components. Notably, since predictions and test
data are evaluated at the same discrete input locations, all input
bandwidth integrals are identical, i.e., I(i,j)1,x = I

(i,n)
2,x = I

(n,m)
3,x .

C. Computational Solutions
Having obtained the expanded terms (7) to (9), we now

derive closed-form or low-dimensional numerical solutions
for their integral components.

1) Integration over Input Bandwidth (bx): As noted in
Sec. IV-B3, all input bandwidth integrals I·,x have the identical
form. Therefore, w.l.o.g., we derive the solution for I

(i,j)
1,x .

Inserting the LCDs parts and the weighting function (6) yields∫ bmax
x

0

1

bdx−cx
x

exp

(
− 1

b2x
ci,j

)
dbx , (10)

with ci,j =
1
2∥¯xi− ¯

m¯
x∥22+ 1

2∥¯xj− ¯
m¯

x∥22. Using the substitution
u = 1

b2x
and dbx = − 1

2u
− 3

2 du (limits bx = 0 → u = ∞,
bx = bmax

x → u = 1
(bmax

x )2 ) and flipping the limits gives

1

2

∫ ∞

1
(bmax

x )2

u
dx−cx−3

2 exp (−u ci,j) du

Next, we substitute t = ci,ju, du = 1
ci,j

dt and adjusting the
limits gives

1

2
· 1

(ci,j)
dx−cx−1

2

∫ ∞

ci,j

(bmax
x )2

t
dx−cx−3

2 exp (−t) dt

Transforming the power of t to a more familiar form, by using
ts−1 with s = dx−cx−1

2 , the integral can now be identified as
the upper incomplete gamma function

Γ(s, x) =

∫ ∞

x

ts−1e−t dt ,

with x =
ci,j

(bmax
x )2 .

2) Integration over Output Bandwidth (by): The output band-
width integrations, i.e., I1,y, I2,y , depend on the specific distri-
bution types. If we assume that predictive distributions are Gaus-
sian (common in regression models), we can exploit the closed-
form expression for the Gaussian LCD and further simplify
I1,y and I2,y . In total, we have to consider three combinations:
Gaussian-Gaussian, Gaussian-Dirac, and Dirac-Dirac products.

a) Gaussian-Gaussian Product (I1,y): The integral part
over

¯
my in I1,y using Gaussian LCDs (3) reads∫

Rdy

F
(i)
G (

¯
my, by)F

(j)
G (

¯
my, by) d¯

my ,

and can be solved analytically using Lemma IX.2. Inserting
this result into I1,y gives

Ii,j1,y =

∫ bmax
y

0

1

b
dy−cy
y

· (2π)
dy
2 b

2dy
y√

det(Ci +Cj + 2b2yI)

· exp
(
−1

2
(ˆ
¯
y
i
− ˆ
¯
y
j
)⊤(Ci +Cj + 2b2yI)

−1(ˆ
¯
y
i
− ˆ
¯
y
j
)

)
dby

which can be solved numerically by one-dimensional
integration, as it only depends on a scalar by .

b) Gaussian-Dirac Product (I2,y): As in a), the integral
part over

¯
my can be solved analytically using Lemma IX.2

(by setting Cj = 0). Inserting this result into I2,y gives

I
(i,n)
2,y =

∫ bmax
y

0

1

b
dy−cy
y

· (2π)
dy
2 b

dy
y√

det(Ci + 2b2yI)

· exp
(
−1

2
(ˆ
¯
y
i
−
¯
y
n
)⊤(Ci + 2b2yI)

−1(ˆ
¯
y
i
−
¯
y
n
)

)
dby ,

which is solved using one-dimensional numerical integration.
c) Dirac-Dirac Product (I3,y): Analogously to a), the

integral over
¯
my of the product of two Dirac LCDs can be

solved analytically using Lemma IX.2 (setting Ci = Cj = 0).
The integral I3,y is then given by

I
(n,m)
3,y =

∫ bmax
y

0

π
dy
2 b

dy
y

b
dy−cy
y

exp

(
− 1

4b2y
∥
¯
y
n
−
¯
y
m
∥22
)
dby ,

which has a closed-form solution that can be derived using the
substitution t =

cn,m

b2y
, with cn,m = 1

4∥
¯
y
n
−
¯
y
m
∥22. Recognizing

the integral as an upper incomplete gamma function with
s = − cy+1

2 gives us

I
(n,m)
3,y =

1

2
π

dy
2 c

cy+1

2
n,m Γ

(
−cy + 1

2
,

cn,m
(bmax

y )2

)
.

In case of the diagonal terms, where n = m, the exponential
term vanishes, and the integral can be solved directly by

I
(n,n)
3,y = π

dy
2

∫ bmax
y

0

bcyy dby

= π
dy
2

[
b
cy+1
y

cy + 1

]bmax
y

0

= π
dy
2
(bmax

y )cy+1

cy + 1
,

provided that cy > −1, which is satisfied for typical choices
cy ≥ 0.



D. Handling Boundary Effects in the Input Space

In kernel-based methods, e.g., in kernel density estimation,
boundary effects are a well-known issue [13]. When a kernel
is centered near the edge of the data region, it partially covers
areas where no observations exist, leading to biased estimates.
Existing corrections typically involve modifying the kernel
shape or renormalizing near boundaries [13], [14]. However,
these approaches often require explicit knowledge of boundary
locations and thus would not fit well with our framework,
which is designed to evaluate the distance at arbitrary query
points without assuming known boundaries.

We therefore pursue a different approach: we keep the
distance computation unchanged and instead penalize distances
evaluated near the data boundaries, thereby preserving the
(semi-)analytical integral solutions. This penalty is motivated
by the observation that when a kernel center

¯
mx lies near the

edge of the test data, data are distributed highly asymmetrically
around

¯
mx, which causes the distance measure to collapse to

zero. Thus, we detect boundary effects by checking whether the
mean of nearby test data deviates from the kernel center. This is
possible without knowing exactly where the boundaries, edges,
or holes in the data are. Define the set of nearby points as

Inear(
¯
mx, b) = {i ∈ {1, . . . , N} | ∥

¯
xi − ¯

mx∥ ≤ αbmax
x } ,

where α > 0 determines the proximity threshold (e.g., α = 2).
The data average ¯

¯
xnear = 1

|Inear|
∑

i∈Inear ¯
xi, where |Inear|

is the number of elements in Inear, satisfies ¯
¯
xnear ≈

¯
mx at

interior points due to symmetric data distribution, while at
boundaries asymmetry causes deviation.

We quantify this through ∆x(
¯
mx) = ∥

¯
mx − ¯

¯
xnear∥22 and

apply a threshold τ to distinguish genuine boundary effects
from natural fluctuations

∆̃x(
¯
mx) =

{
0 if ∆x(

¯
mx) ≤ τ

∆x(
¯
mx) otherwise

,

where ∆̃x(
¯
mx) is the clipped deviation used for penalty

weighting. Note that this threshold loosens the implicit assump-
tion of uniform input data distribution, allowing for asymmetry
without triggering penalties. The penalized distance measure

Dpen(
¯
mx) = wpen(

¯
mx)D(

¯
mx)

uses the penalty weight

wpen(
¯
mx) = exp

(
λ
(
1 + ∆̃x(

¯
mx)

)2
− λ

)
,

where λ > 0 controls penalty strength. This yields wpen = 1
at interior points and exponential growth near boundaries.

We set the proximity threshold α = 2 based on the effective
support of Gaussian kernels (extending approximately to
distance 2b from the center), and the boundary threshold
τ = 0.75 bmax

x to separate genuine asymmetry from sampling
noise while scaling with the spatial scale. The penalty strength
λ controls the aggressiveness of boundary rejection, with typical
values λ ∈ [1, 20] providing moderate to strict penalization.

V. IMPLEMENTATION AND COMPUTATIONAL ASPECTS

A. Numerical Implementation

Computing the distance measure involves evaluating the
upper incomplete gamma function for various parameter
combinations. Many scientific libraries implement this function
efficiently, but careful attention to edge cases is needed.

a) Handling Non-positive Indices: The upper incomplete
gamma function Γ(s, x) in standard library implementations
typically requires s > 0. However, depending on the input
dimension dx and weighting exponent cx, we may encounter
negative values of s = dx−cx−1

2 . For negative s, we use the
recurrence relation Γ(s + 1, x) = sΓ(s, x) + xse−x which
allows computing Γ(s, x) for s < 0 by recursively increasing
the argument until reaching positive values.

When s = 0 (which occurs with the standard mCvM
weighting cx = 1 in univariate input space), the incomplete
gamma function reduces to the exponential integral Γ(0, x) =
−Ei(−x) available in scientific libraries such as SciPy.

b) Numerical Stability: When ci,j = 0 (arising when

¯
xi = ¯

xj = ¯
mx), the integral (10) over bx diverges. Numerical

stability is ensured by adding a small regularization constant
ϵ ≈ 10−15 to ci,j in this case.

B. Computational Complexity and Efficiency

Computing D(
¯
mx) has time complexity O(N2), where N is

the number of hybrid PDF components (equal to the number of
test data points). Quadratic complexity arises from the double
summation in the three distance terms. To reduce computation,
we leverage the following strategies (O(N2) remains):

1) Since only I·,x depend on the specific query point
¯
mx,

the integrals I1,y, I2,y, I3,y can be pre-computed for all
component pairs (i, j), (i, n), (n,m) before querying
any input point

¯
mx. This, in particular, includes all

terms for which numerical integration is needed.
2) The

¯
mx dependent integrals I·,x can be computed

efficiently using the closed-form solutions derived
in Sec. IV-C1, and are equal for all three distance terms
(see, Sec. IV-B3).

3) The symmetric structure of the summands in D1 and D3

terms allows computing only N(N+1)/2 unique pairwise
integrals rather than N2.

4) Points far away from the query point
¯
mx contribute

negligibly due to Gaussian kernel decay. Setting a
distance threshold beyond which contributions are
ignored reduces N for each query point, significantly
lowering the quadratic complexity. We found that a
threshold of ≥ 4bmax

x does not influence results while
substantially reducing computation.

VI. NUMERICAL EVALUATION

We evaluate our method on two synthetic regression scenar-
ios, one with a one-dimensional input space and one with a
two-dimensional input space. To assess local calibration quality,
we use a reference distance between predictive distributions
and the true data-generating process. In all experiments, this
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Fig. 2: Distance measure Dpen(

¯
mx) sensitivity to the hyperparameters cx = cy , bmax

x and λ. As a reference, the 1-Wasserstein distance between the
predictive distributions and the true data-generating process (ground truth (GT) distance) is shown as black dashed line.

reference is the 1-Wasserstein distance. The 1-Wasserstein
distance between the normally distributed outputs of the
true process, p(y | xn) = N

(
ŷGT, σ

2
GT

)
and the predictions

p(y |
¯
xn,D) = N

(
ŷPred, σ

2
Pred

)
is given by [15], [16]

W1 = |µ|
(
1− 2FN

(
−|µ|
|σ|

))
+ |σ|

√
2

π
exp

(
− µ2

2σ2

)
,

where µ = ŷGT − ŷPred, σ2 = (σGT − σPred)
2, and FN (·) is

the standard normal CDF.
Our evaluation proceeds in two stages. First, we examine

parameter sensitivity and consistency with ground truth
distance in a single-input scenario where behavior can be
clearly interpreted. Then, we validate functionality on a
two-dimensional input example.

A. Single-Input Regression Scenario

In our first evaluation scenario, we use the same single-input
cubic regression example as in [5]. This scenario provides
a controlled setting for examining parameter sensitivity and
consistency with ground truth distance. The setup contains
2000 training points and 2400 test points generated from
y = x3 + ϵ, with ϵ ∼ N (0, 9). Training inputs xn ∈ XTrain

are drawn uniformly from [−5, 5] and test inputs xn ∈ XTest

from [−6, 6]. From the training data, 30% of the data around
the origin is removed, producing a gap in the input training
data approximately in the range [−1.5, 1.5]. We train BNNs
using No-U-Turn Sampler (NUTS) [17], Stochastic Variational
Inference (SVI) [18], and probabilistic backpropagation
(PBP) [19] following the settings of [5]. For evaluation, 300
kernel centers (

¯
mx) are equally spaced over [−6.5, 6.5]. The

mCvM parameter sensitivity analysis is performed on NUTS
predictions, while the consistency check with different inference
methods is performed across all three inference techniques.

Weighting Function: The influence of the weighting
function parameters cx and cy is shown in Fig. 2a. With λ = 5
and fixed, the overall trends are similar across weights, but
the degree of smoothing changes. In particular, cx = cy = 0.5
yields a smoother curve, e.g., in the input range [2, 5], whereas
cx = cy = 0 and cx = cy = 1 retain more local variation.

Maximum Kernel Width: The influence of the maximum
kernel width bmax

x is shown in Fig. 2b. With λ = 0 and
cx = cy = 1.0 fixed, larger bmax

x values yield smoother distance
curves, while smaller bmax

x capture more local variation at the
cost of increased noise. We also observe an upward shift of
the distance as bmax

x increases, which is expected since larger
kernel widths integrate over a larger region.

Penalty Parameter: The influence of the boundary penalty
parameter λ is shown in Fig. 2c. With cx = cy = 1.0 and
bmax
x = 0.5 fixed, setting λ = 0 yields no penalty and causes

the distance to collapse toward zero near the boundaries,
despite errors indicated by the ground truth distance. Increasing
λ counteracts this collapse by penalizing boundary effects. In
data-rich regions, the distance remains largely insensitive to λ,
since the penalty mainly affects regions with scarce or missing
training data. Note that points with |x| > 6 lie outside the
data range. Here, the penalty term dominates, corresponding
to a pessimistic assumption about predictive uncertainty.

Inference Methods: In Fig. 4, we apply the method
to predictions from SVI and PBP to assess whether the
distance depends on the inference technique. With λ = 5,
bmax
x = 0.5, and cx = cy = 1.0 fixed, the local mCvM

distance (Dpen(
¯
mx)) follows the same overall tendency as the

1-Wasserstein reference but is smoother, reflecting the kernel-
based construction. The two distances are not identical, yet low
Wasserstein values correspond to low mCvM values, and vice
versa, across both SVI and PBP. This supports the view that the
proposed measure is not specific to a single inference method.

B. Multiple-Input Regression Scenario

In this scenario, we evaluate on the same two-dimensional
nonlinear regression task as in [6]. The data is generated ac-
cording to y = sin

(
x2
1 + x2

2

)
+ϵ with 4500 training points and

3000 test points using ϵ ∼ N (0, 0.1). Training inputs are drawn
uniformly from [−1.75, 1.75]2, while test inputs are drawn uni-
formly from [−2.5, 2.5]2. Around the origin, 30% of the train-
ing data was removed, as shown in Fig. 3a. The BNN is trained
using SVI [18] following the settings of [6]. The kernel center
points

¯
mx, where the predictive distributions are evaluated, are
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Fig. 3: Results of the multiple-input scenario. In (a), the training and test data is shown. In (b) the 1-Wasserstein distance between the predictive distribution and
the true data generating process (ground truth distance) is shown. In (d)–(f) the local mCvM distance Dpen(

¯
mx) is shown for different values of bmax

x . For
comparison, the results from our prior region-based method [9] are shown in (c). Note that all plots share the same range for the vertically displayed x2-axis.
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Fig. 4: Distance measure Dpen(
¯
mx) for different inference methods (SVI,

and PBP) compared to the ground truth distance.

placed on an equally spaced grid over [−3, 3]2. The mCvM pa-
rameters are fixed to λ = 20, bmax

x ∈ {0.1, 0.15, 0.25, 0.5}, and
cx = cy = 1.0. For comparison, we include the closest related
approach [9], which assesses local calibration using predefined
spherical kernel regions and the UCE as calibration measure.

For a quantitative comparison, Spearman’s correlation coeffi-
cients between the local measures and the ground truth distance
evaluated at the 3000 test points are shown in Tab. I. Spearman
correlation is used since the measures differ in scale but should
ideally be monotonically related, i.e., a low ground truth dis-
tance should correspond to a low local distance and vice versa.

For bmax
x = 0.5, the LCD yields a smoother distance (see

Fig. 3) than both the ground truth in Fig. 3b and the baseline [9]
in Fig. 3c. The latter captures local variations more sharply
but exhibits pronounced boundary effects, whereas our penalty
term mitigates these effects when λ is chosen appropriately.
As bmax

x decreases, the local distance captures finer local

TABLE I: Spearman’s correlation coefficients (with confidence intervals (CIs)).

Method Spearman correlation 95% CI

Dpen(
¯
mx), b

max
x = 0.5 0.734 [0.717, 0.750]

Dpen(
¯
mx), b

max
x = 0.25 0.846 [0.836, 0.856]

Dpen(
¯
mx), b

max
x = 0.15 0.893 [0.885, 0.900]

Dpen(
¯
mx), b

max
x = 0.1 0.905 [0.898, 0.911]

kernel-based UCE [9] 0.900 [0.892, 0.906]

variations, resulting in higher correlation with the ground truth
distance, with the best correlation achieved at bmax

x = 0.1.
However, bmax

x cannot be chosen arbitrarily small. Although
Gaussian kernels always assign nonzero weight to every data
point, data points far from the kernel center are exponentially
downweighted. Hence, a kernel center with no nearby samples
effectively receives near-zero contribution from all data points.

VII. DISCUSSION

Our approach yields an input-point-specific distance as a
measure of uncertainty calibration by comparing test data with
test predictions. Sensitivity analysis in the one-dimensional sce-
nario shows that bmax

x controls the smoothness of the distance
measure, trading off locality against noise. In practice, bmax

x

can be selected based on the expected scale of local variations
or tuned by cross-validation. Additional smoothing can be
beneficial when the distance is used as a loss in gradient-based
optimization, as it reduces local minima. The boundary penalty
parameter λ mitigates boundary effects, preventing the distance
from collapsing near regions with little or no test data. This ad-
dresses a known weakness of region-based approaches, such as



the spherical kernel method [9], which can exhibit strong bound-
ary artifacts. Finally, the measure behaves consistently across
inference methods, underscoring its general applicability.

VIII. CONCLUSION

We introduced a principled local distance for uncertainty-
aware regression that operates directly in the joint input-output
space. By representing test data as a Dirac mixture and model
predictions as a hybrid PDF in the joint input-output space,
and by using LCD-based integral transforms, we obtain a
local mCvM distance that avoids heuristic partitioning of the
input space. A key contribution is deriving closed-form and
semi-analytical solutions for the integral components, enabling
efficient computation without requiring numerical integration
over the full joint input-output space. Compared to global dis-
tance metrics, our approach provides locality-aware calibration
assessment, and empirical results in regression scenarios show
that the proposed measure tracks the overall tendency of a
ground truth reference while providing smooth, locality-aware
behavior and consistent performance across inference methods.

IX. APPENDIX

Lemma IX.1: Integration over two Gaussians is given by∫
R

dξ

N (ˆ
¯
ξ
1
,C1)N (ˆ

¯
ξ
2
,C2) d

¯
ξ =

1√
det(2π(C1 +C2))

· exp
(
−1

2

(
ˆ
¯
ξ
1
− ˆ
¯
ξ
2

)⊤
(C1 +C2)

−1
(
ˆ
¯
ξ
1
− ˆ
¯
ξ
2

))
Proof: The product of two Gaussians can be reformulated

as cN (ˆ
¯
ξ
3
,C3) = N (ˆ

¯
ξ
1
,C1)N (ˆ

¯
ξ
2
,C2). Integrating both

sides yields c
∫
R

dξ N (ˆ
¯
ξ
3
,C3) d

¯
ξ. Since the integral of a

Gaussian is 1, the result equals c (given in [20, Sec. 8.1.8]).

Lemma IX.2: The integral over the product of two Gaussian
LCDs, F1(

¯
m, b) and F2(

¯
m, b), is given by∫

R
dξ

F1(
¯
m, b)F2(

¯
m, b) d

¯
m =

(2π)
dξ
2 b2dξ√

det(C1 +C2 + 2b2I)

· exp
(
−1

2
(ˆ
¯
ξ
1
− ˆ
¯
ξ
2
)⊤(C1 +C2 + 2b2I)−1(ˆ

¯
ξ
1
− ˆ
¯
ξ
2
)

)
where ˆ

¯
ξ
1
, ˆ
¯
ξ
2

and covariances C1, C2 are the parameters of
the Gaussians before LCD transformation.

Proof: By inserting the Gaussian LCDs (3) and completing
the factors to Gaussians, we can write the integral as

(2π)dξb2dξ

∫
R

dξ

N
(
ˆ
¯
ξ
1
,C1 + b2I

)
N
(
ˆ
¯
ξ
2
,C2 + b2I

)
d
¯
m .

Solving the integral using Lemma IX.1, yields

(2π)dξb2dξ√
det(2π(C1 +C2 + 2b2I))

· exp
(
−1

2
(ˆ
¯
ξ
1
− ˆ
¯
ξ
2
)⊤(C1 +C2 + 2b2I)−1(ˆ

¯
ξ
1
− ˆ
¯
ξ
2
)

)
.

Simplifying the 2π factors gives the final result.
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