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Abstract—Optimal fusion of estimates that are computed in a
distributed fashion is a challenging task. In general, the sensor
nodes cannot keep track of the cross-correlations required to
fuse estimates optimally. In this paper, a novel technique is
presented that provides the means to reconstruct the required
correlation structure. For this purpose, each node computes a
set of deterministic samples that provides all the information
required to reassemble the cross-covariance matrix for each pair
of estimates. As the number of samples is increasing over time,
a method to reduce the size of the sample set is presented and
studied. In doing so, communication expenses can be reduced
significantly, but approximation errors are possibly introduced by
neglecting past correlation terms. In order to keep approximation
errors at a minimum, an appropriate set size can be determined
and a trade-off between communication expenses and estimation
quality can be found.

I. I NTRODUCTION
With the increasing amount of available sensor data, the
need for decentralized processing [1], [2] is becoming more
important. While centralized fusion also includes efficient
implementations like the information filter [3]–[5] or the
optimally distributed Kalman filter [6]–[8] and is able to yield
optimal results, it lacks scalability, modularity, and robustness
of decentralized sensor networks. Especially in applications
with limited bandwidth, communication rate, and energy, distributing the workload over the network can be an alternative
to the centralized approach. These advantages unfortunately
come with the need for more sophisticated algorithms to
deal with possible double counting of information and crosscorrelations between state estimates [9]–[11].
A method to optimally fuse two estimates if the underlying
cross-correlations are known or can be reconstructed is proposed in [12], which can be generalized to the simultaneous
fusion of multiple estimates [13]. Unfortunately, keeping track
of cross-correlations between sensor nodes is cumbersome
and often infeasible in multi-sensor systems unless special
network and communication topologies are used [14], [15].
Therefore, a variety of suboptimal fusion methods can be

named that address the issue of unknown cross-correlations.
Covariance intersection [16]–[18] makes no assumption about
the correlations between sensor nodes and combines the local
state estimate into a conservative fusion result. As covariance
intersection is often too pessimistic, less conservative fusion
strategies have been proposed like ellipsoidal intersection [19],
[20], its further development inverse covariance intersection
[21], [22], or improved parameterizations [23]–[25]. Also,
approaches are studied to further tighten the bounds on the
covariance matrices [26], [27].
The conservatism of suboptimal fusion methods states the
reason why effort has been put into developing methods for reconstructing the actual cross-correlations. In [28], the problem
of vehicle localization has been explored. The common-pastinvariant-Ensemble-KF (CPI-EnKF), which is a generalization
of the EnKF, has been used to calculate the cross-correlations
between vehicles to be tracked. Based on this, [29] describes
a representation of estimation errors with stochastic samples
to reconstruct the joint covariance matrix. The samples are
designed to take correlated and uncorrelated noise terms into
account. However, these approaches are able to retrieve the
actual cross-correlations only asymptotically with increasing
number of samples.
Finally, [30] presents a novel method which utilizes deterministic samples to optimally fuse estimates. This method
keeps and processes a small set of deterministic samples
that is sufficient to represent cross-correlations exactly. Those
samples are kept in parallel to the local state estimate and are
growing in number with the passing time steps since initialization. State estimates, covariance matrices, and corresponding
samples can then be sent to a fusion center where the actual
cross-correlation can be reconstructed and the optimal result
can be obtained.
In this paper, we propose a novel technique to reconstruct
cross-correlations between sensor node estimates by keeping a
limited set of deterministic samples. These samples therefore
represent the history of the latest cross-correlations while

representing a concentrated form of information to enable
resource-saving communication over a distributed network.
This paper is structured in the following way: Section II
will focus on the fusion method and the analytic calculation
of cross-correlations. Section III will recapitulate the Sample
Fusion Method described in [30]. In Section IV a novel
technique to overcome the limitations of the Sample Fusion
method will be presented. Finally, Section V will evaluate the
proposed method and compare it to other methods.
II. F ORMULATION OF P ROBLEM
The temporal development of the system is described by a
discrete-time linear time-variant stochastic dynamic system

xk+1 = Ak xk + Bk uk + wk with wk ∼ N 0, Qk
with state matrix Ak , state vector xk , input matrix Bk , input
vector uk , and zero-mean white Gaussian system noise wk
with covariance matrix Qk . In a network, a number of L sensor
nodes receive information about the observed system via a
noisy linear measurement model
(i) 
(i)
(i)
(i) (i)
yk = Hk xk + v k with v k ∼ N 0, Rk ,
(i)

(i)

where Hk describes the observation model and v k the sensor
(i)
noise with covariance Rk . Every sensor node processes a
local state estimate xik and covariance matrix Pik|k using the
Kalman Filter or one of its derivatives (e.g., EKF, UKF). To
enhance the accuracy of the state estimate, the local state
estimates and covariance matrices are fused by utilizing the
Bar-Shalom/Campo formulas for the multi-sensor case [31].
With the joint mean vector
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the fused estimates and covariance matrices can be calculated
according to

−1
Pk|k = H> Jk|k )−1 H
,
(3)
x̂k|k = Pk|k H

>

>

Jk|k

−1

m̂k|k ,

(4)

with matrix H = [I, . . . , I] containing the identity matrix
I of the system state dimension. The block entries on the
(1)
(L)
main diagonal Pk|k . . . Pk|k account for the local covariance
matrices of the sensor nodes and can be easily obtained.
By contrast, the remaining entries account for the crosscorrelations between the sensor nodes and are usually unknown. Neglecting cross-correlations and therefore assuming
sensor nodes to be uncorrelated will yield erroneous and too

optimistic fusion results. Two major reasons for correlations
between sensor nodes can be distinguished:
• double counting of common measurement information,
• common system noise and prior information.
In this paper, we will mainly be concerned with the issue
of common system noise and prior information. It occurs due
to the fact that all sensor nodes use the same linear process
model including the same system noise. This issue becomes
more visible when calculating the cross-covariance matrix of
the predicted state estimates [11]
(i)

(i,j)

(j)

Pk|k−1 = E[(x̂k|k−1 − xk )(x̂k|k−1 − xk )T ]
(i,j)

= Ak Pk−1|k−1 ATk + Qk .

(5)

As a next step, the cross-correlation is additionally altered by
the filtering step by
(i,j)

(i)

(j)

Pk|k = E[(x̂k|k − xk )(x̂k|k − xk )T ]
(i)

(i)

(i,j)

(j)

(j)

= (I − Kk Hk )Pk|k−1 (I − Kk Hk )T .

(6)

Formulas (5) and (6) show the recursive calculation of the
cross-covariance matrix. It is obvious, that in order to keep
track of the cross-correlation between sensor nodes, an enormous amount of data (e.g., Ak ,Hk ,Kk ,Qk for several time
steps k) has to be saved and distributed over the network.
A more dense representation of this history would therefore
reduce the amount of data and enable distributed estimation.
III. O PTIMAL S AMPLE -BASED F USION FOR L INEAR
S YSTEMS
In this section, we explain the Sample Fusion method
described in [30]. To reconstruct the cross-correlation between
sensor nodes the Sample Fusion method uses deterministic
samples. The samples are obtained using the simple deterministic spherical simplex sampling method described in [32].
For an N -dimensional system with W -dimensional system
noise wk the dimension D of the created simplex is D =
N + P × W , where P accounts for a user-defined number
of processing steps that are incorporated in the samples. All
nodes create the identical set {p(m) }M
m=1 of M = D + 1
equally weighted samples with sample mean zero.
In contrast to [30], we propose a simplification of the
creation of samples by neglecting the weighting factor w during initialization. Therefore we obtain the sample covariance
matrix according to
M
X
m=1

p(m) = 0 ,

M
X

p(m) (p(m) )> = ID×D

m=1

which is equal to the identity. This set of samples is now
initialized at time step k and weighted by the matrix Dk
Dk = diag(Pk|k , Qk+1 , . . . , Qk+P ) ,

(7)

where Pk|k accounts for the known cross-correlation between
the sensor nodes during initialization and Qk+1 . . . Qk+P
accounts for the process noise from initialization time step k
to the time horizon P . By Cholesky decomposition of Dk =

Lk Lk > , which can be seen as a Cholesky decomposition of
the block entries on the main diagonal

Lk = diag pk|k , qk+1 , . . . , qk+P
the sample set can be weighted according to
(m)

dk

= Lk pm , ∀m = 1, . . . , M
h
i>
(m) >
(m)
>
= (si,m
, . . . , (wk+P )> . (8)
k|k ) , (w k+1 )

By using the special characteristics of the simple deterministic
spherical simplex sampling method the elements of matrix
(m)
Dk can be reconstructed by multiplying the elements of dk
referring to the same correlation matrix
Pk|k =
Qk+P =

M
X

(i,m)

sk|k

m=1
M
X
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(i,m) >

sk|k

,

(i,m) >

wk+P wk+P

m=1

while multiplying heterogeneous elements of the set yields the
zero matrix
M
X
(i,m)
(m) >
0=
sk|k wk+P
m=1

meaning that they are fully uncorrelated. This makes sense as
the process noise is white Gaussian noise and uncorrelated to
the initial correlation of the sensor nodes and also uncorrelated
to process noise terms at different time steps.
During the time update of the k-th time step, the first sample
(i,m)
set sk−1|k−1 will be propagated according to the system model
and then the corresponding sample representing the process
(m)
noise wk will be added
(i,m)

(i,m)

(m)

sk|k−1 = Ak sk−1|k−1 + wk

= (I −

(i) (i) (i)
Kk Hk )sk|k−1

Pi,j
k+P |k+P =

A. Sample-creation with a set of characteristic parameters
In the case of linear or linearized systems, we can easily obtain the matrix transformation to calculate the crosscorrelations between sensor nodes. This matrix transformation
can be seen in (5) and (6) as discussed in Section II
(i,j)

, ∀m = 1, . . . , M .

(i,m)

(j,m)

sk+P |k+P sk+P |k+P

(i)

(i)

(i)

(i,j)

(j)

(j)

(j)

This can be rewritten using characteristic parameters T0 and
T1 to account for the executed matrix transformations

This set of characteristic parameters will be saved locally at
the sensor nodes and updated every time step. The parameters
will grow linearly to a number of M = pmax + 1 matrices,
where pmax is a predefined user setting on how many time
steps are included in the samples. Once the maximum number
is reached the oldest parameters will be discarded. Hence, only
a history of the latest matrix transformations will be stored
(i)

(i,j)

(j) >

Pk+P |k+P = TP Pk−P |k−P TP
.

(j)

+ (I − Kk Hk )Qk (I − Kk Hk )> .

(i,j)

>

(i)

Pk|k = (I − Kk Hk )Ak Pk−1|k−1 A> (I − Kk Hk )>

j
j
i i,j
i
Pi,j
k|k = T1 Pk−1|k−1 T1 + T0 Qk T0 .

In case no measurement is available, the prediction is kept, re(i)
(i)
(i)
(i)
(i)
(i)
spectively x̂k|k = x̂k|k−1 , Pk|k = Pk|k−1 and sk|k = sk|k−1 .
After P or fewer time steps, the cross-correlation can be
reconstructed using
M
X

As the time interval since the initialization of the system
increases, the number of samples is growing linearly with
the number of time steps P . A large number of samples also
means higher costs for propagating the samples through the
network and calculating the joint covariance matrix.
This paper proposes to keep a limited set of samples and
neglect all data older than a predefined time horizon pmax .
This is possible, because the samples are weighted every
(i) (i)
measurement step with I − Kk Hk . Therefore, the samples
(i)
are approaching zero after a sufficient time for Kk > 0
depending on the system settings. Additionally, the system
matrix Ak can support this development if the system is
asymptotically stable.
Because of the nested structure of the samples, a later
extraction of data from the samples is impossible or has to be
done in all nodes simultaneously. Since this is not feasible in
distributed systems, we propose to keep a set of characteristic
parameters T to keep a history of the latest processing steps.
These parameters can then be used to initialize a new set of
samples which can be distributed over the network.

, ∀m = 1, . . . , M .

The measurement update is performed, yielding
(i,m)
sk|k

IV. R ESTRICTING THE N UMBER OF D ETERMINISTIC
S AMPLES

(9)

m=1

After the time horizon P is reached, no further process noise
matrices can be included in the samples to account for newer
processing steps. In this case, either new noise samples can
be added or the fusion has to be executed. Afterwards, the
system is reinitialized with the fused covariance matrix PP |P
and the sample creation starts from the beginning.

(i)

(j) >

+ · · · + T0 Qk+P T0

(i)

(j) >

+ TP −1 Qk TP −1
.

The characteristic parameters can be calculated recursively.
To begin with, the set of parameters is initialized with T0 =
In×n , while the rest of the set is initialized with the zero
matrix. At every time step, the parameters of the last time step
are shifted. By that, the oldest parameter Tp is discarded and
overwritten. Simultaneously, a new parameter T0 is initialized

to account for the matrix transformation applied to the newest
process noise matrix. Therefore, at every time step we obtain
(i)

Tm+1 = T(i)
m , ∀m = 0, . . . , P − 1 ,
T(i)
m
(i)
T0

= (I −
= (I −

(i) (i)
(i)
Kk Hk )Ak Tm+1 , ∀m
(i) (i)
Kk Hk ) .

(10)
= 0, . . . , P , (11)
(12)

The matrix Dk referred to in equation (7) can be rewritten as
Dk = diag(Σ0 , Σ1 . . . , Σk+P ).

(13)

with the generalized matrices Σ0 . . . Σk+P . The matrix is
initialized with Σ0 = Pk−1|k−1 while the rest of the matrices
are filled with the zero matrix. The matrices are then shifted
in the same way as the characteristic parameters. Hence, the
last matrix Σk+P which contains the latest cross-correlation
or process noise matrix is discarded and the newest process
noise matrix is introduced by Σ0
(i)

Σm+1 = Σ(i)
m , ∀m = 0, . . . , P − 1 ,

(14)

(i)
Σ0

(15)

= Qk .

At the fusion time step the matrix Dk will be Cholesky
decomposed in Dk = Lk Lk > and then used to weight the
identity sample set as described in equation (8). This results
in a generalized sample set
(m)

dk

= Lk p(m) , ∀m = 1, . . . , M
(16)
h
i>
(m) >
(m)
>
= (s(m)
, . . . , (sP )> . (17)
0 ) , (s1 )

This sample set is then weighted with the characteristic
parameters and summed up to obtain the sample set si,m
k+P |k+P
which includes the full history of all matrix transformations
over the last P time steps
>
(si,m
k+P |k+P )

=

P
X

(m)
Ti si .

(18)

Algorithm 1 Sample Fusion method with a reduced set of
deterministic Samples
1: // Set initial state estimate x̂0|0 and P0|0 at every node
(i,j)
2: Σ0 = P0|0 , Σ1...P = 0
3: T0 = I,
T1...P = 0
4: for k = 0, 1, 2, . . . do
5:
i-th node calculates time- and measurement-update
6:
// Update of T and Σ
7:
for m = 0, . . . , P − 1 do
8:
Shifting of T-elements (10)
9:
Shifting of Σ-elements (14)
10:
Update of T-elements (11)
11:
end for
12:
Creation of T0 (12)
13:
Creation of Σ0 (15)
14:
// Sample-Creation
15:
Create weighting Matrix Dk (13)
16:
Perform Cholesky-decomposition of Dk (16)
17:
Create identity sample set p(m) (see [30])
18:
Create process noise sample set (17)
(i,m)
19:
Create cross correlation sample set (sk|k )> (18)
20:
// Fusion step
21:
if perform fusion then
(i)
(i)
(i,m)
22:
send: x̂k|k ,Pk|k and (sk|k )>
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

(j)

(j)

(j,m)

receive: xk ,Pk and (sk|k )>
(i,j)

Calculate cross-correlation Pk+P |k+P (9)
Fuse state and covariance x̂k|k , Pk|k (1),(2),(3),(4)
end if
// Reinitializing with fusion results
if reinit then
(i)
(i)
x̂k|k = x̂k|k , Pk|k = Pk|k
Σ0 = Pk|k , Σ1...P = 0
T0 = I, T1...P = 0
end if
end for

i=0

Afterwards the cross-covariance matrix can be reconstructed
using (9). After the fusion is executed the system can additionally be reinitialized. With that, the local state estimate
and covariance will be replaced by the fused results. Special
care has to be taken to avoid double counting in this case
because the new estimate will be fully correlated to the state
estimates incorporated. This full correlation is not reflected
in the current characteristic parameter set T and thus has to
be calculated from the received sample set. Since this is not
a trivial calculation reinitializing the characteristic parameter
set T and taking care of the time of the next fusion step can
reduce the amount of data-incest. The next fusion step should
be executed, after pmax time steps are processed assuming
that this is a sufficient time horizon to deposit old processing
steps.
A summary of the proposed algorithm can be found in
Algorithm 1. In Section IV-D the belonging network topology
is discussed.

B. Extension to nonlinear systems
The advantage of using samples to reconstruct the crosscorrelations is that they are a straightforward approach for
nonlinear systems. Hence, using a set of characteristic parameters to account for linear transformations does not support
this advantages at the first glance. Nonetheless, it can be
stated that systems with slight nonlinearities that transform
a Gaussian distribution into another Gaussian distribution can
be described by linear transformations. These parameters can
also be extracted for example from the UKF [33].
In systems with high nonlinearities, more thought has to be
put into the choice of samples and their propagation.
C. Extension to systems with lower noise dimension
Another possible description of the temporal development
of the system is

xk+1 = Ak xk + Bk wk with wk ∼ N 0, Qk

where Qk can have a lower dimension then Ak . Two possible
solutions can be proposed. The first solution is to create noise
samples with lower dimension while keeping the initial crosscorrelation until the time horizon P is reached. Afterwards,
the cross-correlation is discarded and only noise matrices with
lower dimension are left to be processed. The characteristic
parameter set T is updated with
(i)

(i)

Tm = (I − Kk Hk )Bk , ∀m = 1, . . . P .
Because of the different sizes of the parameters and the entries
in Dk this might lead to a higher implementation complexity
while on the other hand consuming less memory and also
creating fewer samples which will result in a lower bandwidth
requirement. The second approach would be, to initialize the
elements of matrix Dk with Σk = BQk B> . In this case, there
is no need to account for different dimensions of parameters
T while on the downside the advantages of lower memory
and sample size are not fully exploited.
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The proposed method could be used in a parallel busstructure similar to Figure 1 which can be seen as a Broadcasting Topology [34]. Triggered for example by an external
signal every node will send its state estimate, the covariance
matrix and the sample set over the network at the same time
step. The size of the sample set could be designed accordingly
to be able to send this information within a single time step.
Afterwards, every node will perform a fusion step and update
its state estimate and covariance with the fusion result. The
next fusion step should be performed after the time horizon
for the sample set is passed. This will bypass the problem
of full correlation between the nodes at the fusion time step
because the information will then be already discarded and
will not be reflected in the samples.
Node A
A
x̂A
k , Pk ,
A,m
sk
B
x̂B
k , Pk ,
B,m
sk

Bus-Interface
C
x̂C
k , Pk ,
C,m
sk

A,B
Fig. 2: Cross-correlation of state x3 contained in Pk|k
,
comparison of result obtained analytically and from Sample
Fusion with different time horizon pmax .

A. Example 1
In this section we will use a White-Noise Acceleration
Model

xk+1 = Axk + Bwk with wk ∼ N 0, Q and


 
1 T T2
0
A = 0 1 T  , B = 0 , Q = 0.1
1
0 0 1
to show the dependency between the time horizon pmax and
the compliance of the analytically obtained and the reconstructed cross-correlation. The two sensor nodes A and B
employ a measurement model

(i) (i)
y (i)
= Hk xk + v k with v k ∼ N 0, R
k

V. E VALUATION

with measurements corrupted by additive-white Gaussian
noise v k with covariance matrix R. The measurement noise
is modeled as R = 0.1 in Figure 2a and R = 0.005 in Figure
2b. Further, sensor nodes A and B use different measurement
matrices

>

>
HA = 1 0 0 , HB = 0 1 0
.

The following section will present two evaluation examples
to show the accuracy of the derived method. The first example
will be a White-Noise Acceleration Model to show the dependency between the horizon pmax and the compliance with
the optimal result. Furthermore, the resulting communication
costs will be discussed. The second example will show a
simple tracking problem where different fusion methods will
be compared.

The fusion is executed after 10 time steps. Figure 2 shows the
cross-correlation of state x3 between node A and B contained
A,B
in the cross-correlation matrix Pk|k
at the fusion time step
k = 10. It shows, that the variance reaches the analytically
obtained value when the time horizon pmax is as big as the
steps till fusion.
Further, the difference between Figure 2a and 2b shows
that the convergence of the reconstructed to the analytically

Node B

Node C

Fig. 1: Broadcasting Topology

TABLE I: Bandwidth Requirement
Algorithm

Data

Bandwidth Requirement

Naı̈ve fusion, CI

x̂, P

3 + 9 = 12 = 96Byte

Optimal Fusion

x̂, P, A1...P

3+9

H1...P , K1...P

+5 × (9 + 3 + 3 + 1 + 3)

Q1...P , B1...P

= 107 = 856Byte

Fusion with

x̂, P, B1...P

3+9+9+5×1×3

Parameter set T

T0 . . . TP ,Q1...P

= 86 = 688Byte

Sample Fusion

x̂, P

3 + 9 + 3 × (3 + 5 + 1)

s(N +P ·W +1)

= 39 = 312Byte

(N = 3, W = 1, P = 5)
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0.5
obtained cross-correlations depends on the system properties.
In this example, the cross-correlation approaches the analytic
result faster with a lower measurement noise. The combination
of system parameters leads to a lower impact of the process
noise and therefore causes smaller errors when using fewer
samples.
B. Communication cost
A fundamental problem of decentralized processing is the
resource-efficient use of the limited bandwidth or communication rate. Reducing communication costs, therefore, enables
the use of decentralized methods [35]. To demonstrate the
communication costs of different methods we will use the
assumptions of the 3-dimensional system utilized in Example
1 and also assume that the system is time variant and Ak ,
Bk , and Qk might change at every time step. For every
matrix-entry or value a storage size of 8 Byte is used. For
the memory consumption of the used parameters the following
∧
values are assumed: state estimate x̂ = N , covariance matrix
∧
∧
∧
P = N 2 , state matrix Ak = N 2 , Kalman gain Kk = N ,
∧
∧
observation model Hk = N , process noise Qk = W , input
∧
matrix Bk = N , with system dimension N = 3, process noise
dimension W = 1, and time horizon P = pmax = 5.
Table I shows the found communication costs for four chosen fusion methods: naı̈ve fusion, covariance intersection (CI),
optimal Bar-Shalom/Campo fusion, fusion with characteristic
parameters and Sample Fusion.
For the naı̈ve approach, only the state and the covariance
are transmitted. Clearly, the naı̈ve approach consumes the
least amount of data packages but will also yield the worst
results. Covariance intersection (CI) can also be executed with
only the state and the covariance matrix, but the method
yields a better and more conservative result. For the optimal
Bar-Shalom/Campo fusion, the complete information of all
system matrices is needed to reconstruct the covariance matrix.
Therefore this method requires the highest bandwidth. With
the in Section IV derived characteristic parameters T the data
volume is lower due to the merging of the processing steps into
the matrices. But still, the process noise matrix is needed to
correctly reconstruct the cross-correlation. The Sample-Fusion
method is the densest representation of the information and

0
0

0.5

Fig. 3: Part of the non-linear trajectory (blue) of the tracked
target (red).

therefore requires the least bandwidth while still being able to
correctly reconstruct the cross-correlation.
C. Example 2
In this section, a simple track-to-track fusion is presented.
Four cameras are observing independently from each other a
moving object following a non-linear trajectory (see Figure
4). It is assumed that measurements are not available at every
time step and therefore the local estimator is performing
only a prediction in this case. This will lead to an increased
covariance matrix and it is also hard to track for a fusion
center. The number of time steps between each fusion event
is set to kfusion = 10 time steps.
The system state xk is composed of the target position as
well as its velocity. The temporal evolution is modeled by
(compare with [30])

xk+1 = Axk + Bwk with wk ∼ N 0, Q and




I
T · I3×3
T · I3×3
A = 3×3
, B=
, Q = 0.05 · I3×3
03×3
I3×3
I3×3
where the time period T is 50 ms. The measurements will be
corrupted by additive-white Gaussian noise v k leading to the
measurement model
(i) (i)

= Hk xk + v k .
y (i)
k
In the first scenario, one of the nodes is chosen as fusion center
and provides the user with a fused estimate. Furthermore the
local estimators will continue working independently without
being reinitialized with the fused estimate and covariance
matrix.
In a second scenario, it is assumed that either a fusion center
is providing all other sensor nodes with the fused estimate or
that the fusion is completely distributed to all nodes, providing
every node with the currently fused state estimate.

0.3
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Fig. 4: Mean squared error (MSE) over 200 Monte Carlo
runs, sensor nodes with measurements every 4th time step,
without and with reinitialization with results obtained by
Sample Fusion with pmax = 10.
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(a) Scenario 1: Without reinitialization of state estimate and covariance
matrix.
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We perform 200 Monte Carlo runs in which the object
follows a non-linear trajectory. The results of both scenarios
are compared with the estimates obtained by naı̈ve fusion
neglecting all cross-correlations between nodes, optimal fusion with full knowledge about the system and covariance
intersection [16]–[18] which makes no assumptions about the
cross-correlation and yields a conservative result. To compare
these methods the mean squared error (MSE) between the state
estimate and the real position of the target is calculated.
Figure 4 shows the MSE with and without reinitialization
after the fusion result is obtained by the Sample Fusion
method. The sensor nodes only receive a measurement every
4th time step resulting in a sawtooth curve. It is clearly visible,
that the reinitialization of the sensor node with the fusion
estimates and covariance results in a much lower mean squared
error.
Figure 5 compares the naı̈ve fusion, the optimal fusion,
the covariance intersection and the Sample Fusion method
with time horizon pmax equal to the fusion interval kfusion
and a lower time horizon. Figure 5a demonstrates the fusion
without reinitialization. Only the naı̈ve fusion and covariance
intersection result in a higher MSE while the other methods
perform equally good.
Figure 5b shows that an erroneous reinitialization will cause
a decreased precision in estimation. Covariance intersection
results in a conservative estimate and therefore causes smaller
errors than naı̈ve fusion. It can be shown that through reinitializing the system, the Sample Fusion method yields the exact
same results as the Optimal Fusion when using the same time
horizon as the fusion interval (see Figure 5b). This will also be
the case if Q changes. Fewer samples result in an erroneous
covariance matrix because the time horizon is not sufficient to
include enough processing steps to reconstruct the full crosscorrelation. The resulting reinitialization then results in larger
errors than without reinitialization. The compliance between
the optimal and the reconstructed cross-correlation depends
on the ratio between the system noise Qk , the measurement
(1...L)
noises Rk
and the number of samples pmax .
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(b) Scenario 2: With reinitialization of state estimate and covariance
matrix.

Fig. 5: Mean squared errors (MSE) over 200 Monte Carlo
runs, comparison between four fusion methods: naı̈ve Fusion,
Optimal Fusion and Sample Fusion with pmax = 10 and
pmax = 5.

VI. C ONCLUSION
In this paper, we proposed a fusion method using a limited number of deterministic samples optimized for use in
distributed state estimation. The obtained samples can either
be sent to a fusion center or distributed to each node for
decentralized fusion. The joint covariance matrix is then reconstructed by computing the sample cross-covariance matrices.
Depending on the chosen time horizon, the samples only include the latest cross-correlations. The Sample Fusion method
provides a very dense representation of the history of crosscorrelations which is advantageous in networks with limited
bandwidth or communication rate. Two evaluation examples
show that depending on the horizon the samples can yield
the optimal result for the fusion problem. Future work will
have to investigate, how many samples have to be utilized
to archive a sufficient representation of the cross-correlation.
Further, a tight upper bound could be introduced to account
for the cross-correlations not included in the current sample
set.
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