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Abstract: Transformation of a random variable is a common need in a design of many algorithms in signal processing, automatic
control, and fault detection. Typically, the design is tied to an assumption on a probability density function of the random variable,
often in the form of the Gaussian distribution. The assumption may be, however, difficult to be met in algorithms involving nonlinear
transformation of the random variable. This paper focuses on techniques capable to ensure validity of the Gaussian assumption of
the nonlinearly transformed Gaussian variable by approximating the to-be-transformed random variable distribution by a Gaussian
mixture distribution. The stress is laid on an analysis and selection of design parameters of the approximate Gaussian mixture
distribution to minimise the error imposed by the nonlinear transformation such as the location and number of the Gaussian mixture
terms. A special attention is devoted to the definition of the novel Gaussian mixture splitting directions based on the measures of

non-Gaussianity. The proposed splitting directions are analysed and illustrated in numerical simulations.

1 Introduction

Nonlinear transformation of one or more statistically independent
Gaussian random variables is a cornerstone of recursive algorithms
for state estimation (Gaussian or Gaussian mixture filters [1-4]),
system identification (nonlinear least-squares method [5]), auto-
matic control (dual control [6, 7]), fault diagnosis (residual gen-
eration methods [8]), or, generally, of recursive algorithms, where
an uncertainty is propagated through a nonlinear dynamic system
[9, 10]. Because of algorithms’ recursive nature, the probability den-
sity function (PDF) of the transformed random variable is usually
assumed to be Gaussian to make the next step of the algorithm feasi-
ble. Such an assumption is typically considered to be valid if the non-
linearity in the considered region is mild [1, 11]. Often, the region
is determined by the covariance matrices of the to-be-transformed
random variables.

Unfortunately, the validity of the Gaussianity assumption of the
transformed variable cannot be typically determined analytically
and indirect measures of nonlinearity or non-Gaussianity are used
instead [4, 12-16]. The measures of nonlinearity (MoNLs) assess
similarity of the nonlinear transformation (or function) and its, in
some sense optimal, linear approximation. The measures of non-
Gaussianity (MoNGs), assess, on the other hand, similarity of the
transformed variable PDF and its, in some sense optimal, Gaus-
sian approximation. A large value of a measure then indicates a
large error of the linear approximation in the region and, subse-
quently, possible severe violation of the Gaussianity assumption of
the transformed random variable. The assumption violation may,
if not treated correctly, adversely impact the performance of the
recursive algorithms.

A feasible approach to prevent the violation of the Gaussianity
assumption of the transformed variable is an approximation of the
Gaussian PDF of the to-be-transformed variables by a mixture of
Gaussian PDFs, each with a smaller covariance matrix than the orig-
inal Gaussian PDF [1, 2, 4, 10, 17-22]. Decreasing the covariance
matrix (and thus narrowing the region where the nonlinear func-
tion is assessed) inherently results in an asymptotic reduction of the
MoNL corresponding to each term of the Gaussian mixture (GM).
As a consequence, the nonlinearly transformed variable PDF is in the
form of a mixture distribution, where each term can be sufficiently
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Fig. 1: Nlustration of rough approximation of PDF of nonlinearly
transformed random variable by Gaussian PDF.

well approximated by a Gaussian PDF. With the transformed random
variable PDF approximated by a GM PDF, the recursive algorithm
may continue for each particular GM term under valid assumptions.
the idea of such solution is illustrated in Figs. 1 and 2. In Fig. 1, the
to-be-transformed random variable with (initial) Gaussian PDF is
directly transformed via a nonlinear transformation. Then, the PDF
of the nonlinearly transformed random variable is approximated by a
Gaussian PDF. The approximation is, however, rough and results in
a large approximation error. In this case, the Gaussian assumption of
the transformed variable is not valid. In Fig. 2, the (initial) Gaussian
PDF is approximated by a GM PDF. Then, the random variable with
the GM PDF is nonlinearly transformed which results in a variable
with a mixture PDF. The mixture PDF can, subsequently, be accu-
rately approximated by the Gaussian mixture PDF. In this case, the
Gaussian assumption of the transformed variable is locally valid, i.e.,
valid for each component of the mixture. Note that the introduced
approach and the underlying idea have been widely used and devel-
oped in the area of the state estimation in a design of the Gaussian
sum filters and the Rao-Blackwellised particle or point-mass filters
[1, 23-25]. Gaussian mixture approximation is also conveniently
utilised in the uncertainty propagation for the space surveillance or
space situational awareness [9, 10, 26].

Approximation of a Gaussian PDF by a suitable GM PDF is, how-
ever, an intricate problem requiring specification of many design
parameters of the GM PDF. These include the number, locations,
and splitting direction of the GM PDF terms. The number of the
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Fig. 2: Illustration of accurate approximation of PDF of nonlinearly
transformed random variable by Gaussian mixture PDF.

terms is typically a user-defined design parameter; the more terms is
used, the better approximation ability can be expected at the expense
of increased computational complexity. The locations of the terms
include distances between mean values, covariance matrices, and
the weights of the particular GM PDF terms. The locations are tied
with an approach or method used for the GM PDF construction and
specified number of terms. The GM PDF can be computed using,
e.g., a splitting library [10, 27], an optimisation algorithm with a
predefined structure of the GM [2, 28], or a GM moment matching
based computation [3, 4, 29]. The splitting direction defines the axis
along which the GM PDF terms are split, i.e., the line(s) along which
the terms of the GM PDF are located. In the literature, three prin-
cipal splitting directions can be identified; the direction of (largest)
uncertainty (DoU) [4], the direction of (largest) nonlinearity (DoNL)
[21, 29-32], and the recent direction of (largest) non-Gaussianity
(DoNG) [22].

Although the proposed algorithms for splitting direction computa-
tion are powerful tools successfully used in various tasks and set-ups,
they have certain limitations. The DoU and DoNLs may not be opti-
mal directions in terms of minimisation of the non-Gaussianity of the
transformed variable PDF. Two factors affect the PDF of the trans-
formed random variable (i.e., its non-Gaussianity): the PDF of the
to-be-transformed variable and the nonlinear transformation. How-
ever, the DoU takes into account the PDF of the to-be-transformed
variable only and the DoNLs are mainly affected by the properties of
the nonlinear transformation. The DoNG is based on joint moments
of the to-be-transformed and transformed variables. The third-order
moment of the transformed variable itself is, however, not consid-
ered, although it significantly characterises non-Gaussianity of the
transformed random variable.

The goal of the paper is to design and analyse a novel method-
ology for splitting direction computation on the basis of a largest
non-Gaussianity addressing the above mentioned limitations and to
illustrate its performance in the transformation of polar to Cartesian
coordinate systems.

The paper is organised as follows. In Section 2, transforma-
tion of a Gaussian random variable through a nonlinear function is
reviewed, a general algorithm for the Gaussian PDF splitting into the
GM PDF is provided, and the splitting directions are introduced and
illustrated. The novel splitting directions based on the largest non-
Gaussianity are proposed and discussed in Section 3 and illustrated
in Section 4. In Section 5, concluding remarks are given.

2  Problem Formulation, Splitting Directions
Definition, and Goal of the Paper

The problem of nonlinear transformation of two independent random
variables can be formulated as follows.
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2.1  Gaussian Approximation of Nonlinearly Transformed
Random Variable Density

Let two statistically independent random variables x € R"™* and
v € R™ with the known Gaussian® PDFs p(x) = N{x; %X, Pz}
and p(v) = N{v; v, Py}, respectively, be considered. Transforma-
tion of the random variable x through a known nonlinear function
g(:) : R™ — R™ with additive variable v results in the random
variable y € R™¥ defined as

y=gx) +v=yg+v, M

with a generally non-Gaussian distribution p(y). Note that such
transformation typically occurs in the state-space models [1].

Respecting the recursive nature of many algorithms employing
the nonlinear transformation of a random variable, the true PDF p(y)
is approximated by a Gaussian PDF

paly) =N{y:y,Py} (@)

parametrised by the moments

Yy =Epxvlyl= Jg(x)p(x)dx +V=yg+7, 3)
Py = covp(x v)[¥] = Epp [(8(x) — 72) (8(x) = ¥2) '] + Pu.
4

The approximation pc (y) (2), obtained by the moment matching, is
the best Gaussian approximation of p(y) according to the Kullback-
Leibler distance! [33]. The moments of the random variable y (1),
i.e., the mean y (3) and covariance matrix P, (4), can be computed
without the knowledge of the true PDF p(y ), however, fypically with
the aid of certain approximationsi‘ The methods for approximate
moment computation can be divided into two groups; approximation
of the nonlinear function g(-) and approximation of PDFs of x and
y. The former group is based on a polynomial approximation of g(-)
by the Taylor expansion (TE) [1] or Stirling interpolation [35]. The
latter group is characterised by the application of various versions of
the deterministic and stochastic integration rules [36-39].

The error of the Gaussian approximation pg(y) (2) can be
assessed by an approximation error

pa(y) = paly) — p(y), (5)

which can be understood as a characterisation of the non-
Gaussianity of p(y). The error is difficult to compute as an exact
computation of p(y) is often not possible or, at least, not convenient.

As the PDF p(y) is often unknown, no straightforward measure
assessing the error p (y) (5) can be used. As a consequence, indi-
rect measures, such as the MoNLs and MoNGs [14], are typically
used for an assessment of the difference pg(y) (5). If a possibly
large error pi(y) is indicated by the measure, then the Gaussian
PDF p(y) (2) cannot be considered as a sufficient approximation
to the true PDF p(y). Then, the Gaussian PDF p(x) is split into a
oMt [1, 2, 4, 21, 22, 30], where each term has smaller covariance
matrix than the covariance matrix of the Gaussian PDF p(x), i.e.,
P..

*The notation p(x) = N{x; X, P} stands for a Gaussian distribution of
the variable x with the mean X and the covariance matrix P .
It should be noted that Gaussian approximations with different moments

may be used to approximate p(y). Such approximations may be based on

minimisation of a norm of the error (5) [3].
YThe moments of y cannot be computed exactly except for special cases.

The special cases include, for example, polynomial functions [34].
8GM PDF can approximate any PDF as closely as desired [1] and inherits

some of important advantages of the Gaussian PDF [40].
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2.2 Gaussian PDF Splitting: General Algorithm

Splitting a Gaussian PDF p(x) into a GM PDF can be understood as
an approximation of p(x) by a GM PDFY

N
p(x) = Pem,n (x Z N ax™, PEY (@)

with a desired accuracy, where N is the number of the GM
terms, ZnNzl w™ =1, w™ >0,vn, @ £ %) with 4,5 €
{1,...,N},i # j, and each particular GM term N {x; %), PSE")}
has a covariance matrix smaller than P, i.e., ngn) < Py, Vn,
meaning that the difference P, — chn) is positive semidefinite
[1, 2]. In [2], it was proven that the GM PDF (6) converges uni-

formly to p(x) with increasing N and Pg,’l) going to zero for

n = 1,2,... N. For notational convenience, the simplified notation
N (x) = N{x; %™, P&”)} will be used hereafter.

Then, the transformation of the variable x with the PDF
PaM, N (x) (6) via the nonlinear transformation (1) results in the
PDF in the form of weighted mixture of densities (denoted by
subscript M)

N
N ) =D w™p™(y), )
n=1

where p(™) (y) is the PDF of y = g(x) + v, where the variable x
is distributed according to A"(") (x). Further, each term in (7) is
approximated by a Gaussian PDF (by the moment matching, thus,
preserving the first two moments of p(") (¥)), which results in the
GM PDF of the variable y of the form

N
)= WMy P

n=1

M, N (Y) = Pam,N (Y

N

Z WwMIN (), ®)

with (") = Eprm (x)[8(x%)] + v and Pg(,n) = CoV rr(m) () [8(%)] +
P,.

In [1], it was shown that with p(x) expressed by the GM PDF (6),
the PDF p(y) converges uniformly to the GM PDF (8) as PS,;"’) goes
to zero forn = 1,2, ... N. Hence, as for a nonlinear function g(-),
the error pc (y) (5) is non-zero, there exists a number of terms N
such that the error of the approximate GM PDF defined as

pem, N () = pam,N(y) — p(¥y), ©)
satisfies

Pam,n(¥)| < pa(y)l, Yy € R™. (10)

Note that by choosing N, the Gaussian sum error panm, v (Y)
can be made arbitrarily small. The intuition behind (10) rests in the
fact that in a sufficiently small neighbourhood, any smooth nonlin-
ear function will be approximately linear and Gaussian PDFs with
smaller covariance matrices remain more Gaussian than the Gaus-
sian PDFs with larger covariance matrices propagated through the
nonlinear function [26].

Although, the concept of the Gaussian PDF splitting is relatively
simple and well justified, it is composed of several non-trivial steps
often requiring a user decision or interaction. These steps, including

YRoman (non-italics) subscripts are used as a notation distinguishing

different forms of PDFs. The italics letters denote variables.

specification of the number of GM terms [V, GM terms means )"c("),

and GM terms covariance matrices chn) (i.e, GM terms placement),
are detailed below in the following general algorithm.

Algorithm 1: Splitting a Gaussian PDF p(x) to a GM PDF
pem(x)

Initialisation: The number of GM terms N in (6) is defined.
Decorrelation: The Gaussian random variable x with p(x) =
N{x; %, P} is transformed to a standard normal random variable
by

xs = S5 ' (x — %) (11)

leading to p(xs) = N{xs : On,,In, }, where S is a factor of the
covariance matrix P fulfilling P, = S.ST, 0y, is a zero vec-
tor of the indicated dimension, and I, is an identity matrix of the
indicated dimension.

Splitting: The standard normal distribution p(xs) is split into the
GM (according to a splitting method given e.g., in [2—4, 10, 27-29])

p(xs) = pemv (xs) = > wMN s (™ P
N
= > wMN T (x) (12)

with N terms, where sz) < I,. Typically, it is assumed that
the GM PDF (12) preserves the first two moments of p(xs), i.e
Epenn (xs) Xs] = On, and covye, N(Xs)[xb} =I,,,. The Gaus-
sian PDF is split along a reference unit vector r. Without a loss of
generality, the splitting vector can be defined as r = e, where ej is
the first column of the matrix I, .

Rotation: The random variable xs, described by the GM PDF
PcaM, N (Xs), is multiplied by an orthogonal matrix Q (fulfilling

QXQ;; =In, and Q;l = Qz;) resulting in
X = QxXxs (13)
with the GM PDF

n=1

Pam, N (X

The orthogonal matrix Qy is represented by a rotation or reflec-
tion matrix [41]. It is easy to verify that rotation or reflection does
not affect the first two moments of (12), i.e., E5\; y () [X] = On,
and cove v (x) X] = In, . However, it affects the placement of
the particular terms of the GM PDF and thus, the GM PDF shape.
The reference unit vector r an the orthogonal matrix Q determine
the splitting direction. Selection and impact of the orthogonal matrix
is discussed further.

Correlation: The random variable x described with the (approxi-
mate) GM PDF (14) is then transformed back according to

x = Sux + X, (15)

which is the inverse transformation to (11), resulting in

N
Pam, N (%;Qx) = Z w(")J\/’{x; (") Pé")}

n=1
N
= 3 0N {x S Qux™ + %, 8.Qy PV QTS
) (16)
having B« (x)[X] = X and cov, () [X] = Pa.



The algorithm is illustrated in Appendix.

2.3 Relation of Orthogonal Matrix and Splitting Directions

In (16), any orthogonal matrix Q can be used without any impact
on the GM PDF first two moments. However, the matrix affects the
(splitting) vectors along which the standard Gaussian PDF p(x) and
the Gaussian PDF p(x) are split into the GM PDFs pam, v (x) (14)
and pam, N (x) (16), respectively. The former vector is further called
as the intermediate splitting direction, whereas the latter simply as
the splitting direction. Both are defined below™.

The intermediate splitting direction of the standard Gaussian PDF
p(x) is defined as a normalized vector pointing from the mean
of p(x) (or pam,n (X)) to the mean of a non-central term of
pam, N (X) (14), i.e., it is defined as

vy = Qyr. (17)

Similarly, the splitting direction of the Gaussian PDF p(x)
is defined as a normalized vector pointing from the mean X of
PaM, N (x) (or equivalently p(x)) to the mean of a non-central term
of pam, N (x) (16), i.e., as

% — %™
Vo= T (18)
1% — =],
wheren € {1,..., N}, (™ £ %, and ||-|]2 is the Euclidean norm.

It can be seen that the intermediate splitting direction vy (17)
determines the splitting direction v, (18) and vice versa. In fact,
both directions are the same up to the rotation stemming from the
the covariance matrix, i.e., the relation between both directions can
be expressed as

Uyvy = vz (19)

where U is the orthogonal matrix coming from the singular value
decomposition (SVD) of the covariance matrix P,. Note that if the
covariance matrix P is diagonal, then both directions (17) and (18)
are identical.

2.4  Splitting Direction Selection

In principle, any splitting direction can be used in computation of
GM PDF pan, v (X) (14), however, some directions may signifi-
cantly reduce the approximation error pgn, v (y) (9), but other not.
In the literature, various DoU, DoNLs, and DoNGs can be found.

The DoU [4] defines splitting direction vector v, (18) as a (nor-
malised) eigenvector corresponding to the largest eigenvalue of P.
The DoU ug is, therefore, a column of the orthogonal matrix U
defined as

ug = [Ug]i, withi* = arg max[Dg]; ;, (20
(2

where D, is a diagonal matrix with the eigenvalues of P, on
diagonal, i.e., Sz = Uz+/Dy, and the notation [D]; ; denotes an
element of the matrix D, in i-th row and j-th column. The notation
[Ug]; stands for the i-th column of the matrix Uy.

The DoNLs [21, 29-32] point to such a direction where the non-
linearity of the function g(-) in (1) is, according to certain criterion,

*In a view of introduced terminology, the reference unit vector r can be

called as the basic splitting direction.
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the largest. For example, the direction proposed in [29] is defined as

1
NL _ Yoty nidi

v =0, : @1
HEi:o 77i¢i||2
L X27;+1 —Xo . . . . .
where ¢; = Tarr1i=Xols 1 the tested nonlinearity direction and

n; = 0.5]|V2i+1 + Yoit2 — 2| is respective degree of nonlin-
earity being an approximation of the Hessian' of the function g(g in
(1). The o-points { X }31”6 and the transformed o-points {;}7
are defined as

Xy =%, (22)

Xoit1 = X+ VK — nz[Sali, (23)

Xyito =X — VK — nz[Sali, (24)

where 1 = 0,1,...,n; — 1, k is a user-defined scaling parameter,

and V; = g(AX}), Vj. If the covariance matrix factor S, is computed
by the SVD, then the nonlinearity directions are aligned with the
principal axes of the covariance matrix P, defined by the columns
of the matrix Uy.

The DoNG [22] is designed to find a direction of the largest
non-Gaussianity. The non-Gaussianity is defined using a third-order
moment of the transformed random variable y (1). The DoNG is
given by

Ny
NGs Dy Pidi—1
Vg - I~z 4 1
HZZ-:l pidi—1ll2
where the degree of non-Gaussianity in the respective direction p; is

givenas p; = max{|My,_y x|, My, 2,2, |} The sets of third-order
joint moments of x and y are defined

(25)

M = Epol(8(x) - ¥e)(8(x) — ¥g) " (z: — 7)), (26)

=By l(8(x) — ¥g)(zi — 73)], 7)

c
YgYgTi

C
M@/gﬂﬁixz‘

where x; is i-th element of the vector x. The moments (26), (27)
cannot be generally computed exactly and an approximation based
on, e.g., the unscented transformation (UT) or numerical integration
rules, should be used.

The PDF p(y), and thus the non-Gaussianity of y (5), is deter-
mined by the properties of the to-be-transformed random variable
X, i.e., by the PDF p(x), and characteristics of the nonlinear func-
tion g(-). However, the DoU ug (20) takes into account properties
of x only and the DoNL v (21) uses mainly the properties of
the nonlinear function g(-). The DoONG I/EG?’ (25) assesses directly
the properties of the transformed variable y but it ignores the
“pure” third-order moments of y, i.e., M;iyj yi,» Which are expected
to contain a significant portion of information regarding the non-
Gaussianity of y. Moreover, note that all the introduced splitting
directions are influenced by the scale factor (units) of the individual
elements of the variables x and y, which is inconvenient.

2.5 Goal of the Paper

The goal of the paper is to design a technique for computation of the
splitting direction of the Gaussian PDF p(x) based on a directional
assessment of the moments of the transformed random variable y.
The proposed directions, which extends the family of DoNGs, are
based on the normalised third-order moment, thus, they are unit-
less. The directions allows efficient and computationally inexpensive
splitting of the Gaussian random variable PDF resulting, in the end,
in a smaller error of the PDF of nonlinearly transformed Gaussian
variable.

tThe Hessian of the nonlinear function is related to the curvature of the

nonlinear function [42].
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3 Computation of Skewness-based Splitting
Direction

The proposed splitting directions are based on the measures of non-
Gaussianity. The MoNGs have been proposed and utilised for a few
last decades to quantify (or measure) a distance of a non-Gaussian
PDF from its, in some sense optimal, Gaussian approximation [12,
43-45]. With respect to the notation of this paper, a MoNG assesses
a difference between p(y) (1) and pa(y) (2), i.e., the error pg(y)
(5). Compared to the MoNLs, the MoNGs, thus, asses the effect of
the nonlinear transformation on the Gaussian variable.

In this paper, the normalised third-order central moment, denoted
as (co)-skewness [46], is selected and computed along the principal
axes of the to-be-transformed variable. Based on the central moment
values, the splitting direction is then computed.

3.1  Normalised Third-Order Moment

The third-order central moment of y is defined as [47]

_ - \T

M} = By [(806) — 5)(8(x) — 72) " @ (8(x) — y2)] + M

(28)

where the symbol ® denotes the Kronecker product [47] and M, =
0,,, xn2 due to the Gaussian PDF p(v). The matrix M, € R™ X"y

(28) can be understood as a set of all Nyyy = (n?/3_2) partial third-

order central moments

My, = IMyli jxcn, +k = Epeo) (i — 8) (5 — 95) (ke — Tr))s

(29)

where 4,5,k € {1,2,...,ny}. The (co-)skewness My € R™ X7,
of the random variable y is then defined by a set of all Nyyy
normalised third-order central moments

Myciyj Yr . (30)
PyliilPylji[Pylk.k

Myiyjyk = [My}ijxnyﬂc =
p ) 2 \/[

The normalized moment (30) is unit-less and it can take any
positive or negative value, although in practical settings it rarely
exceeds 3 in the absolute value [44]. Note that the (co)-skewness
of a Gaussian PDF is zero. The skewness is, thus, a suitable measure
of non-Gaussianity of a transformed random variable PDF p(y). The
skewness-based MoNG can be defined as

2 My.v.u . 31
HG {];r,lﬁ‘f}‘ Yiyiyr | 3D

The PDF is considered to be far from a Gaussian PDF pg(y) =
N{y :y,Py} (2) if the MoNG pg (31) is greater than a pre-
defined threshold. By splitting the PDF p(x) into the GM PDF
PaM, N (%5 Qy) (16), the MoNG related to the GM approximation
of p(y), i.e., to pam, N (y), defined as

oM (Qy) £ max max, M7
_ (n)
= maxpug’, (32)

where My(:ly)ﬂk is the skewness of the n-th term of Py, N (y) (7).
should be lower than pg (30). The aim is, therefore, to find either
a rotation (or reflection) matrix Q, or the respective rotation vec-
tor vy (17) that leads to the smallest pcn(Qy) (32). Below, two
techniques for DoNG computation are developed, which differ in
accuracy and computational complexity.

3.2 Skewness-based Direction of Non-Gaussianity

The (exact) DoNG is defined as
v = U,QY%r, (33)

where

YO = argmin pea(Qu). (34)
X

By the minimisation of the criterion (34) such an orthogonal (rota-
tion or reflection) matrix used in the construction of the GM
PDF pam, N (x; Qx) (16) is sought, which results in the GM
PDF py, v () = P, N (Y3 QI;IGS) (7) with the minimum value of
pcm (Qy) among all possible py, v (y; Qx) of the same structure.
In other words, the mixture PDF pyp v (y; QEGS) (7), where all
terms are closer to Gaussian PDFs, is selected and then reasonably
well approximated by the Gaussian mixture PDF pgn, v (¥ QEGS )
(8). Therefore, the DoNG (33) directly minimises the measure
(31). However, an analytical solution to (34) does not exist and a
numerical evaluation shall be used instead.

Any numerical solution requires evaluation of the criterion (34),
i.e., evaluation of the measure p1gn(Qy), for multiple choices of
Qy, which may be impractical even for low-dimensional set-ups;
for each of IV terms of the mixture PDF py; v (y; Qx) (7), Nyyy =

("93_2) third-order moments (30) of y have to be evaluated. It means
N x Nyyy evaluations of My, .y, (30) per a single choice of Qy.

It should also be mentioned that a direct minimisation of the crite-
rion (34) w.r.t. the matrix Qy is quite difficult and should be avoided.
The reason is twofold; the rotation (or reflection) matrix has to be
an orthogonal matrix, thus it is difficult to gerform the minimisa-
tion respecting the matrix structure, and nz elements need to be
found. Instead, the rotation matrix may be parametrised by a set of
ng = ngz(ne — 1)/2 rotation angles 01, . . ., 0n, [48]. The rotation
angles correspond to a minimal representation of a general rotation
in R™=,

3.3 Approximate Skewness-based Direction of
Non-Gaussianity

To reduce the computational complexity of the DoNG computation,
an empirical determination of the DoNG v, (18) is proposed. The
proposed efficient approximate direction is based on the quantifica-
tion and assessment of the MoNG along each principal direction of
p(x). The principal directions of p(x) are given by the eigenvectors
of the P further denoted as u; = [Uz];,i =1,...,ng.

The skewness-based DoNG is motivated by the following idea.
Suppose that the Gaussian PDF p(x) is “squeezed”, i.e., the covari-
ance matrix P, is reduced, along a principal direction, random
variable x described by the squeezed PDF is transformed via (1),
and an indicative MoNG of the transformed variable is computed.
If the indicative MoNG is significantly lower than the MoNG based
on the original PDF p(x), i.e., than pug (31), then splitting of the
Gaussian PDF p(x) along this direction is reasonable; it may sig-
nificantly reduce the MoNG of the resulting GM PDF, i.e., reduce
raM(Qy) (32). On the other hand, if squeezing of the PDF p(x)
does not lead to the MoNG reduction and the indicative MoNG is of
the same value as p¢, then splitting of p(x) along this direction may
lead in negligible reduction of g (Qy) W.It. pG.

The indicative MoNG along the direction of the eigenvector cor-
responding to the n-th element of the vector x, n =1,...,ng, is
defined as

My, y.

iYjYk

jiGn = max — LY (35)
' i,5,k Myiyjyk;n

where i, j,k = 1,...,ny and My,y;y, n is the skewness of p;(y)
computed for a Gaussian PDF “squeezed” in the direction of the n-th
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Fig. 3: Illustration of a covariance matrix squeezed along the
principal directions.

eigenvector, further denoted as

pn(x) = N{x; %X, Pun} (36)
with
Pun = SaPy,nSt, (37
Py.n = In, — denel, (38)
and 6 € (0,1). That is Py n < Pg. As a consequence, My, y,y,,,n

related to Py, p is typically lower than My, y,y, based on Pg. If
) A{yi!ljyk

< 1, then pg .y, is set to zero as this direction does not
YiYjYkn ?

result in reduction of the non-Gaussianity. Illustration of “squeez-
ing” of the covariance matrix P for a two-dimensional variable x
along the principal directions of p(x) given by eigenvectors uy,n =
1,2, of Py, i.e., Py, n, is given in Fig. 3.

The required splitting direction is defined as the MoNG weighted
average of the eigenvectors, i.e., as

NGSA /LGn
un. 39)
Z a1, bG 2, el

The proposed splitting direction (39) is based on the belief that
the direction I/EGSA 39) pomts in such a direction, where split-
ting of p(x) into pam, N (x5 QXGSA) leads to a significant decrease
of MGM(QNGSA) (32) of pm, N (y) (7). To compute the direction
vy 5%, only ny X ng evaluations of the third-order moment are
requlred Note that a possible DoONG I/NGSA is illustrated in Fig. 3.

To be able to compute the GM PDF pan, v (x5 Qy) (16), it is
necessary to translate the splitting direction ugGSA (39) into an
orthogonal matrix Qy NGsa According to (19), the splitting direction

NGSA and the matrix QQGSA are tied via the additional rotation
caused by the P in the correlation step of Algorithm 1 within (16).
In particular, their relation can be expressed as

S» QY%A r o p)Usa, (40)

From (40), it follows that

1. NGga

NGsa Sa: Vz
X = NG D
18z “wa 54|
4, NGSA

Sx

where r, I/EGSA are known unit vectors and Q, is the sought

unknown orﬁlogonal matrix. In principle, there exist infinite many

NGsa
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matrices QQGSA fulfilling the equality (41). A possible solution
stems from the Householder reflection, which results in the reflection
matrix [41]

NG NG T

Nass _p, o0V M vs )
X e NGsa\T NGsay -~
r—vg ) (r—vg )

Another solution is based on the construction of a rotation matrix
QEGSA based on the direction cosine matrix (DCM) or the
Rodrigues rotation formula [48].

Finally note that an alternative and even more efficient splitting
direction, inspired by the idea given in [29], can be defined as a
principal direction of p(x) , i.e., u;, which corresponds to maxi-

mal ug j, i.e., the one fulfilling ug ; > pq,i» Vi. As consequence,

NGsa ;

the respective matrix Qy is a permutation matrix.

3.4 MoNG-based Splitting Algorithm Summary

Let a Gaussian PDF p(x) = N'{x; X, P} be supposed. Then, the
algorithm for the proposed MoNG-based Gaussian PDF splitting is
given by the following steps:

Algorithm 2: MoNG-based Directional Splitting of a Gaussian
PDF p(x)

Non-Gaussianity detection: Compute the first three moments of
the transformed variable y (1), i.e., the mean y (3), the covariance
matrix Py (4), and the (co-)skewness M, (30), and compute the
MOoNG (31). The Gaussian PDF pg (y) (2) is considered to be a suf-
ficiently accurate approximation to p(y) if ug < MoNGyy1q, where
MOoNGqp1gq € R is a defined threshold (discussed below). If ug <
MOoNGyy, g, then the algorithm stops. If g > MoNGyy 4, then a
significant non-Gaussianity of p(y) is detected and the algorithm
continues with the next step.

Non-Gaussianity direction computation: Determine the direction
defining the splitting direction of the Gaussian PDF p(x) which
results in the largest decrease of the MoNG. The direction is defined
by the rotation matrix QX in pam, N (%; Q). The matrix Qy can
be computed directly using the optimisation of (34), then Q, =
QgG5 or indirectly using optimisation of (39) and evaluation of

G54 (42), then Q, = QY Cs4.

Gaussian PDF directional splitting: Find a GM PDF approxima-
tion pam, v (x; Qy) (16) of p(x) using Algorithm 1.

GM PDF transformation: Transform the variable x described by
PaM,N (%5 Qy) (8) via the nonlinear transformation (1), which
leads to the mixture PDF pyp v (y; Qyx) (7). Approximation of the
mixture PDF by the GM PDF, results in the GM PDF of the vari-
able y defined by panm, v (¥; Qx) (8) where each term N () (y) is

associated with ..’ lower than MoNG respective to p(y).

GM PDF verification: Compute the MoNG for pan, v (y; Qx).
ie., pem(Qyx) B2). If pem(Qy) < MoNGyyg, the algorithm
stops. Otherwise, the algorithm continues by the step “Non-
Gaussianity direction computation” for each particular term of
M, N (¥; Qx) having MoNG greater than the pre-defined threshold
MONGthld-

3.5 Notes on DoNG

Note 1: The proposed DoNGs are based on computation of the
first three moments of the nonlinearly transformed random variable.
The moments are typically computed using approximate techniques
involving o-point based transformations [1, 36, 39]. Nevertheless,
for certain nonlinear functions g(-) in (1), mainly for polynomial
functions, the moments can be computed exactly by a numerical
integration rules [39].
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Note 2: The skewness-based DoNGs and MoNG explicitly take
into account the influence of the additive Gaussian variable v on
p(y)-

Note 3: Thorough non-Gaussianity assessment of p(y) would
require computation of infinite many moments of p(y), which is
impractical. The skewness, as a one of infinite many moments,
is typically considered to be sufficient for non-Gaussianity assess-
ment of p(y) in practical situations [12, 43, 45]. Nevertheless, the
higher order moments of p(y) can analogously be monitored and
used for DoONG computation. However, a problem with using higher
order moments may rest in their computation using a limited set of
o-points. Thus, without increasing the number of o-points (impos-
ing higher computational complexity) their computation may be of
limited accuracy.

Note 4: The proposed directional splitting algorithm allows,
through the step “GM PDF verification”, recursive splitting of each
GM term of pam, v (x; Qy) which causes v (Qy) being greater
than the threshold. Generally, the splitting direction (and also the
number of Gaussian terms in GM PDF) can be different for each split
term. An alternative approach to the recursive splitting is the split-
ting along multiple directions simultaneously which was discussed
e.g.,in [10, 21]. Extension of the proposed skewness-based splitting
algorithm for multi-directional splitting is straightforward.

Note 5: By application of the splitting technique, the num-
ber of GM components grows, which might be a limiting factor
w.r.t. allowed computational load. To reduce the number of GM
components, various techniques, proposed e.g., in [3, 4], can be used.

4  Numerical lllustration

The splitting directions are illustrated using the example of transfor-
mation of polar coordinates to Cartesian coordinates. The transfor-
mation is defined as

y= [yl [km]] _ [zl cos(m)] 7 43)

ya [km] z1 sin(z2)

where the to-be-transformed variable x = [z1 [km], zo [rad]]T is
described by the Gaussian PDF with moments

- 0.22 0
=[], Pa= [ ()] (44)

and Zo € (0,7/2)[rad]. Four splitting directions are compared,
namely

(i) DoUvY (20),

(ii) DoNL »}¥ (21),

(iii) the proposed efficient DONGs v “S4 (39), and
(iv) the optimal direction I/EL’,pt defined below.

According to Algorithm 1, the Gaussian PDF p(x) is split into
the GM PDF pawm, v (%; Qy) (14), where the rotation matrix is
computed as

[ cos(0) —sin(0)
Qx = |:sin(0) cos(0) :| (45)
and the rotation ar%gle is computed for each particular splitting direc-
tion ¥ = [v1,v2]" (considering the reference unit vector r = eq)
according to

0 = arctan( ? ). (46)
1

Note that the construction of the GM PDF of the normalised Gaus-
sian PDF pan, v (xs) (12) is based on the method provided in [27]
with N = 3.

The suitability of the splitting direction is assessed using the
integral error (IE) of approximate GM PDF pan 3(y; Qy), ie.,

s %107
- — — —nonlinearity/uncertainty based
“~d ———optimal |
6 N = non-Gaussianity based -
o
=
4l |
2 | | | | | | | |
0 10 20 30 40 50 60 70 80 90
T2
100
=
S 50 1
5
0 | | | | | | | |

Fig. 4: Tllustration of integral error of particular GM PDF and
splitting direction.

Table 1 Computational complexity for splitting directions computation.

computational complexity [sec] ‘ averaged ﬁIdEM’?,

DoU 0 6.2 x 1073
DoNL 0.01 6.2 x 107>
DoNG 0.07 5.3x 1073
optimal 2 47 %1073
Pam,3(y) (9), given by
JE |~ ) 2
PGM,3 = J(IDGM,3(Y7 Qy)) dy. (47)

The lower the value of the IE is, the better GM PDF pan 3(y; Qy)
approximation of the true p(y) is. Thus, the optimal splitting

direction »5P" is selected according to
opt . ~IE
vg" = argminjG 3. (48)
opt

Hence, the optimal direction v3"" results in the minimal® IE of
the approximate GM PDF pg,3(y; Q). Note that the criterion

ﬁg\’?gt (47) was evaluated using the Monte-Carlo integration with

107 samples.

The performance of four splitting directions in terms of the IE
and the respective angles ¢ for varying To are plotted in Fig. 4. It
can be seen, that the DoU I/ELJ (20) and DoNL 1/51‘ (21) are the
same with the angle # = 90[deg] and constant for all values of Zs.
On the other hand, the proposed DoNG VQLNGSA (39) and the opti-
mal one ugpt (48) varies with Zo. The figure also indicates that the
DoNG results in lower IE then the standard DoU and DoNL (ca.
20 per cent). The optimal splitting direction provides even lower
IE, however, with much higher computational complexity. The com-
putational complexity is shown in Table 1 together with averaged
values of the IE p‘IdEl\,L 3 (47) over all values of Z5.

It can be seen that the computation of the optimal direction ugpt
(48) is expensive as it relies on the numerical optimisation concern-
ing the whole PDFs, i.e., p(y) has to be approximately computed. In

*Gaussian PDF can be split in direction 6 € (0,360)[deg]. However,
because symmetry, it is sufficient to find the splitting direction in the
interval 0 € (0,180)[deg].
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Fig. 5: Splitting direction impact on location of GM PDF terms for
ZTg = 60[deg].

the considered scenario, computation of the optimal direction took
almost 2[sec| per a value of Zo. A significant reduction of the com-
putational complexity can be achieved by utilisation of the DoU,
DoNL, and DoNG. From these DoU ug (20) is the most efficient
as it is based on the assessment of the covariance matrix P, only
(and it is the same for all Zo). The DoNL V},\;IL (21) is based on the
evaluation of the nonlinear function in (43) at 5 points and subse-
quent processing, which is fast. The computational complexity of
the DoNG is largely affected by the used integration method for the
moment computation. In this example, the stochastic integration rule
(or alternatively the randomised unscented transformation) [39] was
used which resulted in higher complexity than the DoNL. The DoNL
and DoNG complexity is, however, of the same order. Note also
that the splitting direction computation is just one part of Algorithm
1 used in the step “Rotation”. The remaining steps, which are the
same for all splitting direction, took about 0.01 [sec]. The numerical
evaluation of the IE (47) required approximately 5 [sec].

For the sake of completeness, a visual illustration of different
DoU/DoNL and DoNG for one particular value Zo = 60[deg] is
given in Fig. 5. In the figure, the top plots show p(xs) in (11)
and the location of the particular terms of its GM PDF approxi-
mation pan, N (X) (14). The bottom plots show the GM terms of
Pam,3(y; Q) together with the points representing the “true” PDF
p(y)-

5 Concluding Remarks

In the paper, the splitting of the Gaussian density of a random vari-
able, which is supposed to undergo a nonlinear transformation, into
the Gaussian mixture PDF was discussed. The aim of the splitting is
to reduce error of Gaussian approximation of the PDF of the trans-
formed random variable. Novel approach for the splitting direction
specification was proposed. The resulting directions are based on
a directional assessment of the moments, namely the co-skewness,
of the transformed Gaussian variable. Compared to the other split-
ting directions, the introduced ones try to directly minimise the
non-Gaussianity of transformed Gaussian mixture terms, which is
a vital assumption of many recursive algorithms for estimation and
decision making. The proposed directions have been analysed and
compared using a numerical illustration. It was shown that employ-
ment of the skewness-based splitting direction allows to reduce an
approximation error of Gaussian-mixture PDFE.
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Appendix: lllustration of Splitting Algorithm

Iustration of Algorithm 1 for a two-dimensional variable x is
shown in Figure 6 with Q, = I> (upper figure) and Qy =

LS;)ZE?) _Czlsr(lg)] ,0 = 60[deg] (lower figure). The red symbols "+’
enote the means of the GM terms whereas the ellipses illustrates
the covariance matrices of the GM terms. We can see that the rota-
tion matrix affects both the means and the covariance matrices of the
terms of not only pan, v (X; Qx) (14) but also of pgn, v (x; Qx)
(16). In turn, the matrix Q, influences the properties of the mix-
ture PDF pyp v (y) and its GM PDF approximation paw,n (¥)-
Note that, the intermediate splitting direction vy = Qyr (17) and
the splitting direction v, (18) are illustrated in Figure 6 as well.
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Fig. 6: Illustration of Algorithm 1 for Gaussian PDF splitting
(left fig.: illustration of original to-be-split PDF p(x); middle fig.:
illustration of standard normal PDF p(x) and its (rotated) GM
PDF approximation; right fig.: illustration of GM PDF pgwm, v (%)
approximating p(x)).



