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Abstract: Particle flow-based filters migrate samples toward the posterior, instead of using
importance weighting, to mitigate the particle degeneracy issue in particle filters. Although
a large number of related studies exist, the absence of a survey makes it difficult to follow
the current developments. This study aims to survey particle flow-based filters and provide a
guide with numerical examples for those who are new to these filters. We survey three main
branches of studies that employ the idea of particle flows in the measurement update step. The
main algorithms from the three branches are compared with extensive analysis using numerical
examples, highlighting their relative performance characteristics and practical considerations.
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1. INTRODUCTION

Particle flow-based filters are estimation algorithms that
migrate samples toward the posterior to mitigate the par-
ticle degeneracy issue in particle filters (PFs). This issue
often occurs with a high signal-to-noise ratio (SNR) mea-
surement or when the overlap between the likelihood and
the prior density is very small (Daum and Huang, 2011a).
The particle degeneracy issue is a critical challenge to the
performance of PFs since the number of effective particles
decreases, and the remaining particles are no longer able
to represent the posterior density adequately (Li et al.,
2014). To alleviate this issue, many approaches have been
proposed. One of the most straightforward approaches
is resampling (Li et al., 2014, 2015a; Kuptametee and
Aunsri, 2022) where new particles are sampled from the
ones with large weights, and Gaussian mixtures (GMs)
are also utilised to approximate the posterior density to
overcome this issue (Kotecha and Djurić, 2003; Psiaki,
2015; Raihan and Chakravorty, 2018; Kim et al., 2025a,
2026). Recently, many researchers have proposed learning-
or artificial intelligence (AI)-based approaches to mitigate
this issue (Kim et al., 2022, 2025b).

An alternative approach to alleviating the aforementioned
issue is particle flow-based filters. The main idea is migrat-
ing the particles with continuous progressive inclusion of
the measurement (or homotopy), as shown in Fig. 1, or
a discrete control input. Progressive inclusion was intro-
duced in (Oudjane and Musso, 2000; Hanebeck et al., 2003;
Hanebeck and Feiermann, 2003), and flow-based filters
with log-homotopy were introduced in (Daum and Huang,
2007, 2008, 2009). Homotopy here refers to a continuous
transformation between continuous functions rather than
simple multiplication in Bayes’ rule. They are powerful
and efficient for nonlinear and for high-dimensional cases
where a large number of particles are required.
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Fig. 1. Overview of homotopy. At the initial artificial
time γ = 0.0, no information is included; at γ = 0.2,
information is partially included; and at the final ar-
tificial time γ = 1.0, all information is included. Note
that values are not normalised for better visibility.

A plethora of approaches has been proposed over the past
decades within this field, but the absence of a survey makes
the entry barrier higher and causes hitchhikers to get lost
in the galaxy of particle flow-based filters! In this survey,
we provide a guide to this galaxy – where to start, where
to navigate, and some shortcuts for your pleasant journey.
The main contributions of this study are listed as follows:

1) A brief history and evolution of particle flow-based
filters are presented.

2) A comprehensive survey of the three main branches,
including key papers, is provided.

3) A simulation study of main algorithms, with insights
into particle flow-based filters, is provided.

The rest of this study is composed as follows: Section 2
formulates the dynamic system we are interested in. Sec-
tion 3 introduces the three main groups of particle flow-
based filters, and Section 4 presents comparative simula-
tion results of the main algorithms. Section 5 discusses the
characteristics and properties of the approaches from each
group. Finally, we conclude this study with future work in
Section 6. Please fasten your seatbelt!



2. PROBLEM FORMULATION

In a discrete-time dynamic system, a randomN -dimensional
state vector at time step k, xk ∈ RN , can be mapped using
the deterministic mapping function ak as shown in (1) 1 :

xk+1 = ak (xk, uk,wk) , (1)

where uk is a control input and wk is the system noise.
In addition to that, the relationship between the predicted
measurement vector y

k
, and the hidden state, xk, can be

mapped using the deterministic measurement function hk
as shown in (2):

y
k
= hk (xk,vk) , (2)

where vk is the measurement noise. In the measurement
update step, the state is estimated using Bayes’ rule once
the measurement zk has been observed, as follows:

fk (xk|Zk) ∝ fk (zk|xk) · fk (xk|Zk−1) , (3)

where fk(xk|Zk) is the posterior density of the state
given the sequence of measurements Zk = {z1, z2, . . . , zk},
fk(zk|xk) is the likelihood function fLk , associated with
actual measurement zk, and fk(xk|Zk−1) is the prior
density of the state. In this study, we focus on a single
measurement update step with Gaussian additive noise,
and (2) can then be simplified by omitting the time step
index k as follows:

y = h (x) + v , (4)

where v ∼ N (0, σ2
v) is zero-mean Gaussian noise with

standard deviation σv, and the estimated density can be
simplified as follows:

fe (x) ∝ fL (x) · fp (x) , (5)

where fe(x), fL(x), and fp(x) denote posterior density,
likelihood function, and prior density, respectively.

3. PARTICLE FLOW-BASED FILTERS

The key idea of particle flow-based filters is to migrate the
particles toward the posterior and this can be achieved
in two distinct ways. One approach is to apply a small
trick in (5), particularly in the likelihood function fL(x),
so that the measurement can be progressively included in
the system using homotopy (or log-homotopy). Another
approach is to design the control input uk in (1).

Various approaches employing the aforementioned tech-
niques have been proposed, and most of them are rooted
in three main branches from four distinct research groups
– Hanebeck’s group, Daum’s group (Coates’ group), and
Mehta’s group. Each group has been developing its own
approach independently, except Coates’ group, whose ap-
proaches are rooted in Daum’s group. The first flow-
based filter was proposed by Hanebeck’s group in 2003
(Hanebeck et al., 2003), but it was designed for contin-
uous densities, whereas the first particle flow based on
log-homotopy was proposed by Daum’s group in 2007
(Daum and Huang, 2007). In this section, we review the
approaches under the three main branches – progressive
Bayesian filters (PBFs) branch in Section 3.1, Daum–
Huang filters (DHFs) branch in Section 3.2, and feedback
particle filters (FPFs) branch in Section 3.3.

1 Underlines denote vectors, small boldface indicates random vari-
ables and capital boldface indicates matrices. The subscripts p and
e denote the predicted and estimated states, respectively.

3.1 Progressive Bayesian Filters Branch

This branch has been driven mainly by Hanebeck’s group
and is one of the first branches to propose the progres-
sive inclusion of the measurement. The branch is named
Progressive Bayesian Filters Branch since the first sample-
based progressive filters developed within this branch were
called progressive Gaussian filters (PGFs). In this survey,
we refer to it as progressive Bayesian filters (PBFs).

The progressive inclusion of the measurement can be
enabled using artificial time (or homotopy parameter),
defined as γ ∈ [0, 1] in the original papers, to construct
the homotopy equation from (5) as

fe (x, γ) ∝ fL (x)
γ · fp (x) . (6)

From (6) and as shown in Fig. 1, when γ = 0.0, no mea-
surement is taken into account, and the posterior density
is the same as the prior density; when γ = 1.0, we retrieve
the exact posterior based on Bayes’ rule. A similar idea
was first introduced to filtering by Oudjane and Musso in
(Oudjane and Musso, 2000), but this approach suggests
dividing the measurement update step, or correction step,
into multiple sub-correction steps instead of using homo-
topy or log-homotopy. Hanebeck et al. proposed a progres-
sive measurement inclusion for GM density formulation in
(Hanebeck et al., 2003; Hanebeck and Feiermann, 2003).
However, they did not utilise particles, or Dirac mixture
approximation (DMA) (Hanebeck et al., 2009), but ap-
plied progressive inclusion of the measurement to contin-
uous densities. Another interesting approach is proposed
by Hagmar et al. in (Hagmar et al., 2011); however, this
approach has not considered the flow of particles either.

Other approaches that utilise the homotopy in (6) and
the DMA were proposed later in (Ruoff et al., 2011;
Hanebeck and Steinbring, 2012; Hanebeck, 2013), and
were named PGFs. The first PGF in (Hanebeck and
Steinbring, 2012) is based on moment matching, approx-
imating the Gaussian posterior density by matching the
first and second moments of the samples, where the mea-
surement was gradually taken into account in the inter-
mediate Gaussian density. The key elements of another
approach (Ruoff et al., 2011) and PGF 42 (Hanebeck,
2013) are the generalised Cramér–von Mises distance
(CvMD) based on localised cumulative distribution (LCD)
defined in (Hanebeck and Klumpp, 2008), and determin-
istic DMA based on the generalised CvMD (Hanebeck
et al., 2009). PGF 42 minimises the generalised CvMD
between an intermediate posterior density approximated
by DMA and the posterior density, also approximated by
DMA during its measurement update, without an explicit
likelihood function. This minimisation yields a continu-
ous ordinary differential equation (ODE), which governs
the migration of the particles toward the posterior. This
marks the main differences from other particle flow-based
approaches: 1) deterministic samples and 2) a distance
measure. Further developments in PBFs were proposed
later, including the PGF with explicit likelihood (Stein-
bring and Hanebeck, 2014), the up-sampling progressive
Bayesian filter (UsPBF) (Hanebeck and Pander, 2016),
and the PGF with a predictor–corrector structure using
importance sampling (Chlebek et al., 2016). However, we
omit them in this survey due to space limitations and will
discuss them in future work.



Instead, we introduce the latest advance of the PBFs,
named the Newton-flow (NF) particle filter (Hanebeck,
2025). The NF is similar to PGF 42 but distinct in two
main respects: 1) PGF 42 assumes that the intermediate
posterior density is Gaussian, whereas NF does not assume
any specific form, and 2) NF utilises infinitesimal steps
of the flow to ensure the approximated density remains
within the permissible space during the measurement
update step with homotopy. The NF utilises a reference
density f̃e(x, γ), which depends on the artificial time γ for
the infinitesimal steps, is not limited to any specific density
such as a Gaussian. Plugging the reference density f̃e(x, γ)
into (6) yields

f̃e (x, γ) ∝ fL (x)
γ · fp (x) (7)

and the generalised CvMD between (7) and the true
posterior density fe(x, η(γ)) parametrised with η(γ) can
be denoted as

D
(
η (γ) , γ

)
= D

(
f̃e (x, γ) , fe

(
x, η (γ)

))
. (8)

It is worth noting that the above densities are assumed
by the deterministic DMA. In order to obtain the change
of the parameter of the posterior density, η(γ), we first
take the partial derivative of the distance D(η(γ), γ) with
respect to the parameter η(γ) and set it to zero. This yields

the gradient G
(
η(γ), γ

)
as

G
(
η (γ) , γ

)
=
∂D

(
η (γ) , γ

)
∂η (γ)

= 0 . (9)

Another partial derivative with respect to γ yields the
change of the parameter of the posterior density, η(γ), with
respect to γ, as

η̇ (γ) = −H−1
(
η (γ) , γ

)
· J

(
η (γ) , γ

)
, (10)

whereH is a Hessian matrix, which gives the flow its name,
“Newton-flow”, and J denotes the derivative of the gradi-
ent vector with respect to γ. The NF assumes infinitesimal
steps, and by substituting the reference density with the
best approximation density in the next infinitesimal step,
the true posterior density is no longer required to solve the
ODE in (10). Finally, the NF moves the particles from the
prior to the posterior smoothly over the artificial time γ.
The NF requires only the prior and the likelihood function,
which makes it efficient and versatile in many applications.
Further details of the NF can be found in (Hanebeck,
2025). The NF will be considered for the comparative
numerical study in Section 4, and further discussion will
be provided in Section 5.

We carefully selected the following papers, which contain
the key approaches of this branch, for readers:

1) (Hanebeck and Klumpp, 2008): Proposition of LCD
and generalised CvMD.

2) (Hanebeck and Steinbring, 2012): PGF based on
moment matching – the first PGF presented.

3) (Hanebeck, 2013): PGF 42 based on generalised
CvMD and DMA – a powerful filtering approach that
does not require the likelihood function.

4) (Hanebeck, 2025): Newton-flow filter based on gen-
eralised CvMD and DMA – a simple and efficient
filtering approach that requires only the prior and
likelihood function.

3.2 Daum–Huang Filters Branch

This branch has been driven mainly by Daum’s group
and is based on log-homotopy. The terminology “particle
flow” for filtering was first introduced in this branch,
analogous to its usage in physics. The branch is named
Daum–Huang Filters Branch after the two main authors
of the approaches, and it is later referred to as Daum–
Huang filters (DHFs) by other researchers. Based on
DHFs, Coates’ group also proposed multiple algorithms,
including particle flow particle filters (PFPFs), which can
be seen as a sub-branch of the DHFs branch.

In DHFs, a log-homotopy, a logarithmic form of the homo-
topy in (6), was utilised to induce a particle flow, and it was
in fact proposed earlier than the PBFs branch. The log-
homotopy uses artificial time (or homotopy parameter),
originally defined as λ ∈ [0, 1] in the original papers. For
clarity, we shall use the same notation as in (6), and it is
defined as follows:

log fe (x, γ) = log fp (x) + γ log fL (x)− log κ (γ) , (11)

where κ(γ) is the normalising term in Bayes’ rule. This
log-homotopy was first proposed for filtering by Daum and
Huang in (Daum and Huang, 2007, 2008), and the com-
plete form of the filter was presented in (Daum and Huang,
2009). The particle flow is induced as a partial differential
equation (PDE) derived from the log-homotopy by taking
the partial derivative of the log-homotopy with respect to
the artificial time γ. The general solution of the particle
flow gf (x, γ) can be obtained as follows:

gf (x, γ) =
dx

dγ

= −C# ∂ log fe(x, γ)

∂γ
+
[
I−C⊤C/tr

(
C⊤C

)]
c ,

(12)

C =
∂ log fe (x, γ)

∂x
, (13)

where C# is the generalised inverse of C and c is an
arbitrary vector. Further details of the derivation can be
found in (Daum and Huang, 2009). The first works are
later referred to as “incompressible flow” by the authors
due to their incompressible assumption, ∇ · gf (x, γ) = 0,
which leads to an approximate flow. The terminology is
borrowed from fluid dynamics, where the divergence of the
flow velocity is assumed to be zero (as in subsonic flight
in air). In the actual implementation, the key part of the
algorithm is the approximation of the gradient of the log-
prior density, log fp (x), in

∂ log fe (x, γ)

∂x
=
∂ log fp (x)

∂x
+ γ

∂ log fL (x)

∂x
, (14)

and multiple approaches to approximating this gradient
were proposed in (Daum et al., 2009a,b). It is worth noting
that the normalisation term, κ(γ), in the log-homotopy in
(11) was not considered in the initial papers, appearing
only in later developments.

Chen and Mehra (Chen and Mehra, 2010) examined the in-
compressible flow and suggested that a singularity, caused
by the denominator of the flow becoming zero, can occur
in one-dimensional nonlinear filters under certain initial
conditions. In addition, they pointed out this can result in



the non-existence of the flow and further proposed some
workarounds to overcome this issue. Daum and Huang,
however, responded that it is avoidable if the dimension is
higher than one in (Daum and Huang, 2012a).

A generalisation of the incompressible flow was proposed
by Daum and Huang in (Daum and Huang, 2010b),
which is an important connection to the exact particle
flow proposed in (Daum et al., 2010; Daum and Huang,
2011b). They were accompanied by the numerical analysis
in (Daum and Huang, 2010c), which contains a comparison
with the extended Kalman filter (EKF). The exact particle
flow is different from the incompressible flow, where the
non-zero divergence is allowed and is derived from the
exact Fokker–Planck equation. The general solution of the
exact particle flow gf (x, γ) can be obtained as follows:

gf (x, γ) =
dx

dγ

= −C# log fL (x) +
(
I− C#C

)
c ,

(15)

C =

[
∂ log fe (x, γ)

∂x
+ tr

(
∂

∂x

)]
. (16)

The operator C acts on a function ψ such that Cψ =[
∂ log fe(x,γ)

∂x ψ + tr
(
∂ψ
∂x

)]
. If the two densities, log fp(x)

and log fL(x), are Gaussian or belong to the exponential
family, a closed-form solution, called the Gaussian flow,
can be obtained as follows:

dx

dγ
= A (γ)x+ b (γ) , (17)

A (γ) = −1

2
PH⊤ (

γHPH⊤ +R
)−1

H , (18)

b (γ) = (I− 2γA)
[
(I+ γA)PH⊤R−1z +Ax

]
, (19)

where P is the covariance matrix of the samples (typically
calculated as a sample covariance or obtained from other
filters such as the EKF), H is the Jacobian matrix of
the measurement model in (4) evaluated at the mean 2 ,
R is the covariance matrix of the measurement noise,
and x is the mean of x. For brevity, the argument (γ)
is omitted from A(γ) on the right-hand side of (19). This
solution of the particle flow is referred to as the exact flow
Daum–Huang (EDH) filter in (Choi et al., 2011; Ding and
Coates, 2012). The EDH filter will be considered for the
comparative numerical study in Section 4. Further details
can be found in (Daum et al., 2010), other solutions of
the exact particle flow can be found in (Daum and Huang,
2010a), and the implementation of the EDH filter with
applications can be found in (Choi et al., 2011).

Multiple solutions with various assumptions are given af-
terwards, and many of them in fact show the analogy
to physics. In (Daum et al., 2011a), accompanied by the
numerical simulations in (Daum et al., 2011b), it was
shown that the derived PDE is similar to Coulomb’s law,
and in (Daum and Huang, 2012b), it was shown to be
analogous to the Monge–Kantorovich transportation. So-
lutions assuming that the flow has small curvature (Daum
and Huang, 2012c) and using the Fourier transform (Daum
and Huang, 2013a) are also proposed. Another important
advance in this branch is the non-zero diffusion (NZD)
particle flow, also known as stochastic particle flow, pro-
posed in (Daum and Huang, 2013d,b,e). In this approach,

2 Italic H is used here to distinguish it from the Hessian H in (10).

diffusion is no longer assumed to be zero during the evolu-
tion in artificial time, which makes the flow stochastic. The
numerical solutions to mitigate the stiffness of the ODE of
NZD particle flow are given in (Daum and Huang, 2014c),
and the solutions and approximations of the covariance
matrix of the diffusion are given in (Daum, 2016; Daum
et al., 2016a). The analysis with numerical examples of
these NZD particle flow filters is presented by Khan et
al. in (Khan and Ulmke, 2014; Khan et al., 2017). Zero-
curvature particle flow including geodesic particle flow
(Daum and Huang, 2013f), upper-triangular Jacobian par-
ticle flow inspired by Knothe–Rosenblatt transport (Daum
and Huang, 2013c), renormalisation group flow, which is
a variant of NZD particle flow (Daum and Huang, 2014b),
and further solutions for the flow and open questions
(Daum and Huang, 2014a, 2015, 2016) were also proposed
by Daum and Huang. While other stochastic particle flows
exist, such as Gromov’s flow (Daum et al., 2016b), they are
omitted in this survey due to space limitations and will be
discussed in future work.

Ding and Coates implemented the EDH filter for a target
tracking application and proposed a further improvement
in (Ding and Coates, 2012). In the EDH filter, A (γ)
in (18) and b (γ) in (19) were computed only at the
mean x. Alternatively, Ding and Coates proposed the local
EDH (LEDH) filter, where A(γ) and b(γ) are computed
for each particle individually by evaluating the Jacobian
matrix H at each particle’s location. The LEDH filter
will be considered for the comparative numerical study in
Section 4. Coates’ group proposed more approaches that
combine the EDH/LEDH with traditional PFs. Li et al.
proposed an approach that combines particle flow with
the auxiliary PF (APF) (Li et al., 2015b). In this study,
the EDH was employed to sample auxiliary variables
that define an importance sampling distribution in the
APF framework. Another approach was proposed with
traditional PFs in (Li et al., 2016), where EDH/LEDH
serve as the proposal density followed by importance
weighting, and it was named PFPF. Two variants of PFPF
were proposed – a fast version with clustering to reduce
the number of computations of (18) and (19) (Li and
Coates, 2016), and an invertible variation of PFPF (Li
and Coates, 2017). The latter, the invertible variation of
PFPF with LEDH (PFPF-LEDH), will be considered for
the comparative numerical study in Section 4. Similar but
distinct approaches were proposed by Bunch and Godsill
(Bunch and Godsill, 2013, 2016), where the particle flow is
used not only to migrate the particles toward the posterior
but also to update the importance weights.

We carefully selected the following papers, which contain
the key approaches of this branch, for readers:

1) (Daum and Huang, 2009): The first paper that pro-
posed the full form of the particle flow filter.

2) (Daum et al., 2010): EDH filter paper, which also
includes the incompressible flow.

3) (Daum and Huang, 2013d): NZD particle flow (or
stochastic particle flow), which allows the non-zero
diffusion and generalises the EDH even further.

4) (Daum and Huang, 2013f): Zero curvature particle
flow including geodesic particle flow.

5) (Li and Coates, 2017): Detailed information on the
PFPF with applications.



3.3 Feedback Particle Filters Branch

This branch has been driven mainly by Mehta’s group, and
it utilises the control input, uk, in the time propagation
step of (1) to migrate the particles. It is worth noting why
this filter is included in the review, although the primary
focus of this review is on the measurement update step,
as mentioned in Section 2. It is mainly because the filters
in this branch are derived in a continuous-time dynamic
system, instead of a discrete-time dynamic system, and in
this case, the control input can be considered in the same
equation as the measurement update – this will be further
explained later. The branch is named the Feedback Particle
Filters Branch, since the algorithms are called feedback
particle filters (FPFs) based on their analogy to a feedback
controller structure.

Unlike the previous two branches, the FPF was first de-
rived from a continuous-time stochastic partial differential
equation (SPDE), the Zakai equation, and the model for
the ith particle is defined as follows:

dxit = at
(
xit

)
dt+ dwi

t + duit , (20)

where the measurement update is defined as a control
problem by choosing the control input uit in the optimal
control form with a new measurement. In other words,
the update step is considered in the same equation as the
time propagation, and this is why we included this filter
in the survey. Furthermore, by simply using an identity
matrix for the time propagation, this filter can also be
used without the propagation step. The idea of FPF was
first introduced in (Yang et al., 2011b,a), and the complete
study for the scalar FPF was proposed in (Yang et al.,
2013). The explicit form of the optimal control uit was
derived in the paper as follows:

dxit = at
(
xit

)
dt+dwi

t+K
(
xit, t

)
dIit+Ω

(
xit, t

)
dt , (21)

where K
(
xit, t

)
is a control gain, and the modified inno-

vation dIit and the Wong–Zakai correction term Ω
(
xit, t

)
are defined as follows:

dIit
def
== dzt −

1

2

(
h
(
xit

)
+ ĥt

)
dt , (22)

Ω
(
xit, t

) def
==

1

2
σ2
vK

(
xit, t

)
K ′ (xit, t) , (23)

K ′ (xit, t) = ∂K(x, t)

∂x
, (24)

where ĥt is the expected value of h
(
xit

)
given the mea-

surements, which has been approximated for numerical
implementation using N samples as follows:

ĥt ≈ ĥ
(N)
t :=

1

N

N∑
i=1

h
(
xit

)
. (25)

The control gain K
(
xit, t

)
can be calculated by solving the

Poisson equation (Yang et al., 2013), and it can be approx-
imated using a Galerkin numerical method with the basis
functions from the polynomial family, {x, x2, · · · , xM}.
The constant-gain approximation, a special case of a
Galerkin numerical method when M = 1, in the linear
Gaussian case can be denoted as follows:

E
[
Kt

(
xt

)∣∣zt] = ∫
Rd

(
h (x)− ĥt

)
xfet (x) dx

≈ 1

N

N∑
i=1

(
h
(
xit

)
− ĥ

(N)
t

)
xit .

(26)

However, the Galerkin approximation can exhibit numer-
ical issues related to the Gibbs phenomenon and this
motivated a data-driven basis function selection (Bern-
torp and Grover, 2016, 2018) and a basis-free diffusion
map-based approach (Taghvaei and Mehta, 2016; Taghvaei
et al., 2017, 2020). It is worth noting that the control gain
K

(
xit, t

)
is equivalent to the Kalman gain in the linear

Gaussian case, and the authors explicitly state, “The linear
Gaussian FPF is identical to the square-root form of the
ensemble Kalman filter” (Taghvaei et al., 2020, p. 3). Fur-
ther details of the FPF can be found in (Yang et al., 2013).
The FPF with constant-gain (FPF-CG) and the FPF with
diffusion map-based gain (FPF-DM) will be considered for
the comparative numerical study in Section 4, and further
discussion will be provided in Section 5.

A multivariate FPF was proposed in (Yang et al., 2012),
and details are provided in (Yang et al., 2016), while
a comparative study and applications are presented in
(Tilton et al., 2013; Berntorp, 2015).

We carefully selected the following papers, which contain
the key approaches of this branch, for readers:

1) (Yang et al., 2013): Complete version of the FPF.
2) (Yang et al., 2016): Complete version of the multi-

variate FPF with details.
3) (Taghvaei et al., 2020): Diffusion map-based gain FPF

with multiple numerical examples.

4. COMPARATIVE NUMERICAL SIMULATION

In order to analyse the characteristics of each branch
and compare their performance, a comparative numerical
simulation is presented. The comparison focuses on the
qualitative performance of the filters, i.e., how well each
algorithm forms the posterior density in two-dimensional
space given the prior density and the measurement. Note
that no direct comparison of computational cost is per-
formed in this simulation, since the algorithms are cur-
rently implemented in different programming languages.
Performing such a comparison, after reimplementing them
in a unified programming language, is left for future work.

4.1 Simulation Setup

To illustrate and qualitatively compare the performance
of the introduced filters from the previous sections, we
consider a simple two-dimensional range-only example, as
shown in Fig. 2.

1
0

0
0 Radar

Target

Measurement

Fig. 2. A two-dimensional range-only example. A
radar at [1, 0]⊤ estimates the position of a target at
[0, 0]⊤ from a range-only measurement.



This simple and powerful example illustrates how well the
filters can approximate the true posterior density with two-
dimensional samples. A radar placed at [1, 0]⊤ measures
the position of a target placed at [0, 0]⊤ using a range-
only measurement corrupted by zero-mean Gaussian noise
with σv = 0.1, v ∼ fv(v) = N (v; 0, σv). The prior
density is a Gaussian distribution, fp(x) = N (x; 0, I). The
measurement function is defined as follows:

h (x) =

√
(x1 − 1)

2
+ x2

2 + v . (27)

One measurement update step without time propagation is
considered. For the FPF, where the time propagation and
measurement update are performed simultaneously using
(21), an identity matrix is used for the propagation step
with zero process noise. Based on this scenario and the
Gaussian prior density, we can expect the posterior density
to be ring-shaped, with denser samples around the target
location at [0, 0]⊤, as shown in Fig. 3.

Fig. 3. Posterior density after one measurement
update step. The measurement update produces a
ring-shaped posterior density with higher likelihood
around the target location.

The following algorithms are considered for comparison: 1)
PBFs branch – NF, 2) DHFs branch – EDH, LEDH, and
PFPF-LEDH, and 3) FPFs branch – FPF-CG and FPF-
DM. In the implementation, the number of artificial time
steps within one particle flow is determined by the ODE
solver in the case of the NF, and is set to 29 exponential
steps for EDH, LEDH, and PFPF-LEDH. For the FPFs,
the continuous-time measurement update is approximated
by numerical discretisation with 100 time steps. For DHFs,
the EKF is utilised in parallel to calculate the covariance
of the samples in (18) and (19). The comparison of the
filter implementations is summarised in Table 1. Two
prior sample sets are considered in the simulation: 1)
deterministic sample set, and 2) random sample set.

Table 1. A summary of the compared filters

Branch PBFs DHFs FPFs

Filters NF
EDH, LEDH,
PFPF-LEDH

FPF-CG,
FPF-DM

No. of steps ODE solver 29 steps 100 steps
Programming

language
Julia MATLAB Python

4.2 Deterministic Prior Sample set

A deterministic sample set is drawn from the Gaussian
distribution using LCD, based on the method proposed
in (Hanebeck and Klumpp, 2008). This allows the prior
sample set to be well distributed in the state space, even
with a small number of samples. A total of 100 samples
are drawn deterministically, and the same sample set is
used as the prior for all tested filters. The final step of the
particle flow for each filter is shown in Fig. 4.

The results suggest that the NF performs best with
the deterministic sample set, and other filters, including
LEDH, PFPF-LEDH, and FPF-DM, can also form the
posterior density well. The LEDH and FPF-DM show
slightly biased results compared to the NF or PFPF-
LEDH. The PFPF-LEDH exhibits smaller variance in
the sample distribution compared to the LEDH, which is
due to the additional importance weighting step within
PFPF. On the other hand, EDH and FPF-CG fail to form
the posterior distribution. This is mainly caused by their
formulation: computation of (17) only at the mean for
EDH, and the constant-gain in (26) for FPF-CG. Further
details will be discussed in Section 5.

4.3 Random Prior Sample set

A total of 100 random samples are drawn from the Gaus-
sian distribution, and the same sample set is used as the
prior for all tested filters. The final step of the particle flow
for each filter is shown in Fig. 5.

The results suggest that the LEDH performs best with
the random sample set, while the PFPF-LEDH exhibits
smaller variance in the sample distribution, again due
to the importance sampling, and the FPF-DM shows a
biased result similar to the previous example. The NF
is not able to form the expected posterior density with
the random prior sample set, which is due to its inherent
characteristic of using deterministic sampling within the
algorithm. In addition, EDH and FPF-CG again fail to
form the posterior distribution.

4.4 Multi-modal Prior Density

An additional numerical simulation with a multi-modal
prior density is performed. The same problem setup as in
the previous example is considered, but the prior sample
set is deterministically drawn from a GM distribution,
fp(x) = N

(
x; [−20, 0]⊤, I

)
+ N

(
x; [−10, 0]⊤, I

)
. This

represents a scenario in which the overlap between the
prior and the likelihood is very small or nonexistent –
where the particle degeneracy issue can be significant with
a multi-modal prior density. A total of 200 samples are
drawn deterministically, and the same sample set is used as
the prior for all tested filters. The final step of the particle
flow for each filter is shown in Fig. 6.

The results suggest that the NF performs best with the
GM sample set. A similar trend is observed for the other
filters, consistent with the previous examples. In addition,
the NF shows the samples in one cluster, whereas all other
filters clearly show two separate clusters, indicating that
the DHFs are independent of the prior samples. The FPFs
are not able to perform the filtering in this example.
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Fig. 4. Results of the simulation at γ = 1 with a deterministic prior sample set. The final state of the particle
flow for each filter is shown. Note that all samples are unweighted.
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Fig. 5. Results of the simulation at γ = 1 with a random prior sample set. The final state of the particle flow
for each filter is shown. Note that all samples are unweighted.
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Fig. 6. Results of the simulation at γ = 1 with a deterministic GM prior sample set. The final state of the
particle flow for each filter is shown. Note that all samples are unweighted.

5. DISCUSSION

The NF from the PBFs branch shows good performance
with both the deterministic prior sample set and the de-
terministic GM prior sample set. Its inherent continuous
flow formulation, based on deterministic sampling, makes
the NF dependent on the specific prior sample set. How-
ever, the NF does not actually consider global information
about the prior density, such as the sample covariance.
Because of this lack of global context, its performance with
a random sample set can be degraded, as it relies entirely
on the initial distribution of the samples.

The EDH from the DHFs branch shows a critical issue
in the previous examples: it linearises and computes the
coefficients in (17) only at the mean. This results in nearly
zero flow along the x2-axis and widely spread samples. The
LEDH, as expected, overcomes this issue through local
linearisation and calculation of the coefficients in (17). The
PFPF-LEDH produces smaller sample variance compared

to the LEDH, which serves as the baseline for the PFPF,
and this is due to the additional importance weighting in
PFPF. The reason why filters in the DHFs branch perform
well with random samples but struggle with a GM prior
is that their flow relies on global information, specifically
the sample covariance calculated via the EKF. This depen-
dence on global statistics makes the flow independent of
the specific prior sample locations but limits performance
when dealing with multi-modal densities.

The FPF-CG from the FPFs branch also shows a limita-
tion in the gain computation in (26), as the terms may
cancel each other out, resulting in a nearly zero gain.
For this reason, the samples of FPF-CG are more widely
spread at the end of the iteration. Another issue, not
mentioned previously, is that the FPF exhibits wobbling
during the iteration. This occurs because the algorithm
calculates the solution of the Poisson equation to obtain
a control gain at every discretised time step without any
temporal smoothing.



6. CONCLUSION

Particle flow-based filters are an effective alternative for
mitigating the particle degeneracy issue commonly en-
countered in traditional PFs. We surveyed a bulk of studies
on particle flow-based filters and introduced the key works
from the “galaxy” of them. In addition, we tested the main
filters from three branches – progressive Bayesian filters
(PBFs) branch, Daum–Huang filters (DHFs) branch, and
feedback particle filters (FPFs) branch – using a two-
dimensional range-only measurement estimation example.
The results suggest that the Newton-flow (NF) is a pow-
erful tool with deterministic prior sample sets, and even
when the prior follows a GM distribution. In addition, the
NF exhibits greater homogeneity of the posterior samples
relative to other approaches. The local exact Daum–Huang
(LEDH) filter also showed good performance, independent
of the prior samples, although limitations due to the
accompanied extended Kalman filter (EKF) were noted.
Limitations of the feedback particle filter (FPF), particu-
larly the constant-gain variant, were also discussed.

More recent works on particle flow-based filters have
evolved in two directions: 1) Gaussian mixture models
to represent the densities, and 2) combinations with re-
cently developed machine learning techniques. The details
of these are omitted in this version due to space lim-
itations. An extended version will provide more recent
advances in particle flow-based filters, including optimal
transport (OT) and variational inference (VI) approaches.
Furthermore, deeper numerical simulations covering high-
dimensional examples will be provided. This future re-
search will also include quantitative analyses and compu-
tational cost comparisons against newer developments in
stochastic particle flow, such as Gromov’s flow.
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