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Abstract
Purpose Tracking of beating heart motion in a robotic sur-
gery system is required for complex cardiovascular interven-
tions.
Methods A heart surface motion tracking method is devel-
oped, including a stochastic physics-based heart surface mo-
del and an efficient reconstruction algorithm. The algorithm
uses the constraints provided by the model that exploits the
physical characteristics of the heart. The main advantage
of the model is that it is more realistic than most standard
heart models. Additionally, no explicit matching between
the measurements and the model is required. The application
of meshless methods significantly reduces the complexity of
physics-based tracking.
Results Based on the stochastic physical model of the heart
surface, this approach considers the motion of the interven-
tion area and is robust to occlusions and reflections. The tra-
cking algorithm is evaluated in simulations and experiments
on an artificial heart. Providing higher accuracy than the
standard model-based methods, it copes successfully with
occlusions and provides high performance when all mea-
surements are not available.
Conclusions Combining the physical and stochastic descrip-
tion of the heart surface motion ensures physically correct
and accurate prediction. Automatic initialization of the phy-
sics-based cardiac motion tracking enables system evalua-
tion in a clinical environment.
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1 Introduction

In comparison to traditional on-pump procedures, off-pump
procedures, or so called beating heart surgery, reduce the
risk of complications associated with temporarily stopping
the heart during surgery [1]. However, beating heart opera-
tions are still challenging tasks for surgeons. They put high
demands on the synchronization of surgical instruments with
the heart motion [2] and require high concentration and long
experience from a surgeon. Manual tracking of the complex
motion of the beating heart cannot be achieved by a sur-
geon without errors, because heart motion exceeds the hu-
man tracking bandwidth [3]. The application of a robotic
surgery system to such medical interventions can overcome
this limitation. Further benefits include high accuracy, fine
manipulation capability, good repeatability, high reliability,
and lack of fatigue.

1.1 Robotic Surgery System

The challenges of the operation on a beating heart, such
as the simultaneous visual and action coordination, will be
taken over by the robotic surgery system, which is depicted
in Fig. 1. It consists of a measurement unit, such as cameras
or other sensors, an instrument robot, a controller, and an
image stabilization unit.

Because of contact-free measurements and observation
of the whole intervention area, a camera system is a practi-
cal way to retrieve three-dimensional information about the
heart movement. It can be installed over the operation ta-
ble for open thorax surgery or integrated in an endoscope
for minimally invasive surgery. The measurements provided
by this system are used for estimation and prediction of the
heart motion. The instrument robot that synchronizes the
surgical instruments with the heart motion uses these mea-
surements as a feedback signal. The surgeon directly con-
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Fig. 1 Beating heart surgery robotic system, which allows the surgeon
to perform beating heart operations.

trols the instrument robot and a stabilized visualization of
the surgical scene gives him an impression of operating on
a non-beating heart. Stabilized visualization and an auto-
matic synchronization of surgical instruments with the bea-
ting heart will assist a surgeon by operation on a beating
heart.

The main requirements on a robotic system for beating
heart surgery are: high accuracy, reliability, adaptation to
any patient, and real-time operability.

The accuracy of the system should range from 100 µm
to 300 µm. This is determined by the diameter of coronary
arteries, which range from 2 mm to smaller than 0.5 mm, as
stated in [4]. The real-time operability requires that the pro-
cessing time should be low for a precise estimation of the
heart motion. As the dominant mode of the heart motion is
on the order of 1 − 2 Hz, data processing at 4 Hz (250 ms)
is sufficient, according to the Nyquist-Shannon sampling the-
orem [5]. However, a spectral analysis of the beating heart
motion shows frequencies up to 15 Hz. The heart motion is
not perfectly periodic and therefore, a high acquisition speed
is necessary for sufficiently capturing the heart dynamics. In
order to estimate the beating heart motion, a method for effi-
cient and accurate reconstruction and robust tracking of the
heart surface is of significant importance. Nevertheless, this
is still a challenging task due to the heart’s complex dynam-
ics and non-reliable noisy measurements.

1.2 Related Work

Existing approaches for tracking the beating heart motion
are analyzed according to the following criteria: reconstruc-
tion accuracy and constraints on the heart movement.

The feasibility of vision-based systems for the compen-
sation of the heart motion is first explored in [6], where two
high-speed cameras are used to track artificial landmarks
fixed on a heart. However, this method is only applied for
2D tracking without extraction of depth information. Tra-
cking the heart motion in stereo endoscopic beating heart
sequences is proposed in [7–10]. However, these approaches

are sensitive to visual artifacts and variations in illumination.
Furthermore, they fails in cases of occlusions and areas of
low-texture, and provides depth information of limited ac-
curacy. Although the extraction of the visual information is
facilitated by introducing artificial markers [11] or template
matching with texture analysis [12, 13], the accuracy of the
tracking needs improvement.

Up to now, most tracking approaches apply constraints
on the heart movement. These methods [14,15] deal with the
tracking of an intervention point on the heart surface without
taking into account the movement of the intervention area.
The implications of such a constraint are low accuracy and
high demands on the reaction time of the surgical system.
The reason for that is a deficiency of the information about
movement of the points near the intervention point. There-
fore, the observation of the whole intervention area during
tracking allows to reduce the high demands on the reaction
time of the surgical system. It is essential in case of the si-
multaneous synchronization of several instruments with the
motion of different points in this area. The motion of the
intervention area is exploited in [16], where a parametric
thin-plate spline model for approximation of the heart sur-
face is proposed. This model is geometric and assumes a
small inter-frame motion. By ignoring the physical informa-
tion about the heart, it can lead to a physically incorrect es-
timation of the heart motion.

In [17], a physical heart surface model in the form of a
thin membrane is proposed for intraoperative tracking of the
heart motion. The motion in consideration is greatly simpli-
fied by assuming that the heart moves only in out-of-plane
direction. In [18], the heart surface is efficiently modeled as
a thin plate. However, the model’s presumption of a small
out-of-plane deflection can only be applied for operations
on a stabilized beating heart. In both methods, the initial-
ization of the model geometry and parameters is not consid-
ered. The detection of the model geometry is complicated,
as the heart moves over consecutive image sequence. Fur-
thermore, the heart geometry and parameters vary from pa-
tient to patient. Another difficulty of employing a physical
model is that the modeling of the complex heart motion is
computationally expensive and hardly possible in real-time.
The first reason for that is the usage of complex geometric
models, such as models for a preoperative planning or a the-
rapy testing [19,20]. Another reason, the numerical solution
of the partial differential equations (PDE) with traditional
methods, such as the finite-element method (FEM), gener-
ates system-related response delays.

1.3 Key Idea

In this paper, a physics-based heart motion tracking method
is proposed for application in robotic systems for beating
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Fig. 2 General concept of the physics-based tracking system.

heart surgery. It incorporates a physical heart surface model
and an efficient reconstruction algorithm.

The principle advantage of the physical heart surface
model is that no constraints on the type of the heart motion
are made. For example, there are no assumptions on period-
icity or small out-of-plane movement. The automatic cali-
bration of the model based on camera observations allows to
determine the model geometry and parameters before a bea-
ting heart operation. Finally, due to application of meshless
methods, the computational complexity of the heart surface
model is significantly reduced.

Another difference of the physics-based tracking method
from other tracking approaches is the reconstruction algo-
rithm. For improving the efficiency of the reconstruction, the
correspondence analysis employs a set of selection criteria.
The correspondences in camera images and between recon-
structed measurement points are thereby constrained by the
physics-based prediction. A trinocular camera setup allows
to reduce the complexity of the correspondence problem.

By exploiting the information about physical character-
istics of the heart, the physics-based tracking ensures a phy-
sically correct and more accurate prediction in comparison
to the standard model-based methods, as shown in experi-
mental evaluation in Section 7.1. Consideration of the sto-
chastic uncertainties of the model and measurement sys-
tem allows thereby to evaluate the prediction quality and in-
crease the accuracy of the tracking. According to the experi-
mental results in Section 7.2.3, the proposed physics-based
tracking is robust, since it copes with the total occlusions,
when the heart surface is completely covered. In this case,
the conventional interpolation methods cannot be applied,
because no measurement information is available.

Fig. 3 Trinocular camera setup.

2 System Overview

This section gives an overview of the proposed tracking sys-
tem. The general system concept is presented in the Fig. 2.
By taking a modular, compositional view of the system de-
sign problem, we introduce the components of the physics-
based tracking approach: a physical heart surface model,
an initialization procedure, tracking, and observations. The
modular composition of the system allows for each compo-
nent to work independently.

A physical heart surface model exploiting the a-priori
information about physical characteristics of the heart will
be presented in Section 3.1. The specialty of the proposed
model is that only the intervention area of the heart surface
is considered. By describing the heart surface as a physical
elastic body in form of PDE, we employ meshless methods
for the decomposition of the PDE. The obvious advantage
of meshless methods, in comparison to traditional numeri-
cal methods, such as FEM, finite differences (FDM), or fi-
nite volume methods (FVM), is that no information on the
relationship between the nodes is required and thus no el-
ement mesh is needed. Since meshless discretization tech-
niques are only based on a set of points, they are better suited
to handle strong deformations.

The initialization procedure described in Section 5 is
very important for adaptation of the heart surface model
to every patient. It opens up possibilities for evaluation of
the physics-based tracking approach in a clinical environ-
ment. In order to achieve an accurate estimation, the heart
surface model is calibrated based on the observations. The
model parameters are calibrated according to their physical
constraints. The observations contain information about the
3D position of the heart landmarks, which is extracted from
camera measurements. After collecting the observations by
means of a measurement-based tracking approach, the mo-
del geometry, parameters and uncertainties of the system are
identified.
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Further, the heart kinematics are tracked over consecu-
tive image frames as presented in Section 6. For tracking,
the position of the heart landmarks is predicted by means of
an estimation approach combining model and measurement
information. The best estimate of the heart surface kinemat-
ics, such as deflection and velocity, is provided in this way.

For achieving high accuracy and reliability of the tra-
cking system, robust and precise observation is essential.
In this paper, we propose a trinocular camera setup for data
acquisition, shown in Fig. 3. This setup leads to a robust re-
construction and provides more information about the ope-
ration area. The proposed surround orientation of the cam-
eras ensures nearly the same uncertainties in all directions.
In this case, most of the optical rays are almost orthogonal.
This allows a better elimination of artifacts due to the so-
called transfer property that facilitates the establishing cor-
respondences over three views [21]. Given a point or line
correspondence over two views, the position in the third
view is determined. As a result, the trinocular camera sys-
tem increases reliability of the whole reconstruction process
by reducing outliers [21,22]. Although the proposed camera
setup is only applicable for open thorax surgery, the trinocu-
lar camera system can also be integrated in an endoscope for
minimally invasive interventions. For reducing the compu-
tational time, the extraction of the measurement information
is provided by a feature-based image processing algorithm.
Artificial passive colored markers are attached to the heart
surface in order to simplify the feature extraction. In real
environment conditions, the markers can be spread over the
intervention area. They cling tightly to the heart surface, as
shown in Fig. 4. For the extraction of the image information,
a standard color-based segmentation algorithm is used. The
detected colored area, satisfying the size criteria of the heart
landmark, is approximated by a circle. The center of a circle
is assumed to represent a measurement point. Instead of ar-
tificial markers, natural landmarks or image features can be
used for the reconstruction of the 3D motion by the proposed
reconstruction algorithm.

By employing the predicted heart position for identifi-
cation of the measurement points over consecutive image
frames, we increase the efficiency of the reconstruction. By
introducing some selection procedures on three camera im-
ages and on reconstructed measurement points, as presented
in Section 4.2, we sufficiently reduce the computational time
and ensure the consistency of the returned solution. For avoi-
ding the ambiguities in correspondence analysis, only the
points detected in all three cameras are reconstructed.

In the next sections, the main components of the physics-
based tracking approach are described in detail. These com-
ponents include: 3D reconstruction, a physical heart surface
model, calibration and tracking.

Fig. 4 Heart with attached landmarks, which are arbitrarily distributed
on the heart surface.

3 Heart Surface Modeling

A heart surface model considering the physical characteris-
tics of the heart is proposed in this section. Starting with the
description of the heart surface as a distributed parameter
system (DPS) in the form of stochastic PDEs, we derive a
state-space form by means of spatial and temporal decom-
position. The stochastic uncertainties corrupting the system
and measurements are thereby considered.

3.1 Physical Heart Surface Model

The heart surface is assumed to have the behavior of a lin-
ear elastic physical body with isotropic material structure.
Because only a small area of the stabilized heart surface
is considered, as shown in Fig. 5, this assumption is justi-
fied. The undeformed configuration of this body is defined
by the material coordinates x =

[
xT, yT, zT

]T ∈ R3N in a
domain Ω ∈ RN enclosed by Neumann ∂ΩN and Robin
boundary conditions ∂ΩR, so that ∂Ω = ∂ΩN ∪ ∂ΩR.
The displacement field is specified as a continuous map-
ping u =

[
uT
x , u

T
y , u

T
z

]T : R3N → R3N , which defines for
each point x in material coordinates a corresponding point
in world coordinates where the heart surface is displaced.
The motion of the heart surface is formulated as a boundary
and initial value problem. The strong mathematical model is
described by a set of stochastic PDEs, written in a concise
matrix form

LTσ(u(x, t))+b(x, t)−ρü(x, t)−ηu̇(x, t) = RI(x, t) = 0 ,

(1)

where L ∈ R6N×3N is the differential operator matrix given
by

L =



∂
∂x 0 0
0 ∂

∂y 0
0 0 ∂

∂z

0 ∂
∂z

∂
∂y

∂
∂z 0 ∂

∂x
∂
∂y

∂
∂x 0


.
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Fig. 5 Physics-based heart surface model (side view) describing the
heart wall inside of the intervention area as a physical elastic body.

Here the random vector u represents the distributed dis-
placement of the heart surface. The internal heart forces are

defined by a distributed load b =
[
bTx , b

T
y , b

T
z

]T
in the x, y

and z directions, respectively. The vector

σ(u(x, t)) =
[
σT
xx,σ

T
yy,σ

T
zz,σ

T
yz,σ

T
xz,σ

T
xy

]T ∈ R6N

is the stress tensor with six independent stress components.
The parameter ρ describes the density and the parameter η
stays for the damping coefficient of the elastic material. The
natural or Neumann boundary conditions are imposed in the
domain ∂ΩN by

Nσ(u(x, t)) = t̄n(x, t) , (2)

where N ∈ R6N×3N is the matrix containing an outward
normal vector on the natural boundary and t̄n is the pre-
scribed traction force. This force is determined by atrial pres-
sure that can be monitored in cardiac surgery by a central
line catheter [23]. The mixed or Robin conditions, also called
elastic foundation, are assumed to represent the heart surface
motion in the domain ∂ΩR by

αNσ(u(x, t)) + βRu(x, t) = t̄r(x, t) , (3)

where R ∈ R3N×3N is the stiffness matrix and α, β are
weighting coefficients. Physically, this implies that the trac-
tion force t̄r is proportional to the boundary displacement.
The initial values for displacement and velocity of the heart
surface motion are defined by the reconstructed 3D informa-
tion stemming from the camera measurements.

As a result, the heart surface motion is described as a dis-
tributed continuous phenomenon. Further, this DPS is con-
verted into a lumped-parameter form, which is achieved by
numerical methods for solving PDEs.

3.2 Spatial Decomposition

For spatial decomposition of the PDEs, the meshless collo-
cation method [24] is applied. Without the need for a pre-
defined mesh, this method results in higher computational
efficiency than the classical methods [25]. Concerning the
robotic surgery system, meshless methods can contribute to

easier adaptation of the model to any patient, give flexibility
in handling surgical interventions, and reduce the time for
initialization of the robotic surgery system [18].

At first, the solution function u of the PDEs given by
equations (1), (2), and (3) is replaced by a finite approxima-
tion uh as

uh(x, t) ≈ Φ(x)c(t) , (4)

where the temporal dependence of the PDE solution is rep-
resented by the scaling factors c ∈ R3N . The spacial depen-
dence is defined by the moving least square (MLS) shape
functions Φ(x) ∈ R3N×3N , as described in [25].

In order to determine the scaling factors, the method of
weighted residuals can be employed. It aims at minimiz-
ing the approximation error over the solution domain Ω and
therefore satisfies the condition∫
Ω

W(x)RI(x, t)dΩ = 0 ,

for all possible test functions W (x). The residual RI(x, t)
is defined in equation (1).

Further, we suppose that the error vanishes at certain col-
location points N and define the test function
W (x) = δ(x − xj) as a Dirac delta distribution. The de-
rived in this way collocation method [26] has three major
advantages in comparison to the other meshless methods.
Since no integration is required, the construction of the final
system of equations is efficient. Moreover, the shape func-
tions are only evaluated at nodes rather than at integration
points. Due to the fact that only the points are considered,
the refinement and adaptive analysis can be realized faster
than in FEM.

As a result of the spatial decomposition of the PDEs (1),
(2), and (3), the set of stochastic ordinary differential equa-
tions (ODE), enforced atN collocation points in the solution
domain, is given by

Mc̈(t) + Cċ(t) + Kc(t) + Φp(t) = 0 , (5)

where the mass matrix is defined as

M =

−ρΦ(x)
0
0


Here the parameter ρ denotes the material density of the
heart surface. The last two entries of the stiffness matrix

K =

 LTDLΦ(x)
NDLΦ(x)

αNDLΦ(x) + βRΦ(x)
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represent the imposition of the boundary conditions. The
material matrix

D =



d11 d12 d12 0 0 0
0 d11 d12 0 0 0
0 0 d11 0 0 0
0 0 0 d11−d12

2 0 0
0 0 0 0 d11−d12

2 0
0 0 0 0 0 d11−d12

2


is defined by the physical parameters of the heart surface
such as Young’s modulus E and Poisson’s ratio ν as

d11 =
E(1− ν)

(1− 2ν)(1 + ν)
, d12 =

Eν

(1− 2ν)(1 + ν)
.

The matrix N ∈ R6N×3N is described by outward normals
on the boundary. The matrix of the damping coefficients is
determined by assuming Rayleigh damping

C =

 η1M + η2K
0
0

 ,

where η1 and η2 represent the damping coefficients. Finally,
the load vector is described as

p(t) =
[
b(t)T, t̄n(t)T, t̄r(t)

T
]T

.

Consequently, the spatial decomposed dynamic system
defined in equation (5) is now ready to specify the time evo-
lution leading to the time-discrete finite-dimensional system
equation.

3.3 State-Space Form

Approaches to state estimation require a system description
in a state-space form. For that purpose, the heart surface mo-
tion should be described by the discrete finite-dimensional
system and measurement equations that represent the pro-
cess dynamics and the observation model. In the last sec-
tion, the DPS characterizing the heart dynamics was con-
verted in a space-discrete system. In this section, for obtain-
ing the time-discrete system, an implicit Euler discretization
method is preferred, as it offers unconditional numerical sta-
bility.

The model of the process dynamics or the system equa-
tion relates the states of the heart movement at different time
instances. Assuming that the system input p is nearly con-
stant between two time instances t = [tk, tk + 1], we get the
time-discrete state-space system equation

ξ
k+1

= Aξ
k

+ B
(
p̂
k

+wk

)
(6)

describing the heart surface motion, where the system ma-
trix A ∈ R6N×6N and the input matrix B ∈ R6N×L are
time-invariant. They are defined by

A =
([

M C + K∆t

−I∆t I

])−1 [
M C
0 I

]
,

B =
([

M C + K∆t

−I∆t I

])−1 [
Φ
0

]
.

The state vector ξ =
[
ċ(t)T, c(t)T

]T ∈ R6N describes
the displacement and the velocity of the heart surface. The
known system input is denoted by p̂

k
at time instance tk. The

stochastic error term wk ∼ N (0,Cw
k ) is white zero-mean

Gaussian noise with covariance Cw
k .

Since the heart surface position is reconstructed from the
measurements provided by a camera system, the observation
model can be assumed to be linear. This model is character-
ized by the measurement equation that relates the obtained
observation ŷ

k
at time step k to the state ξ

k
. By consider-

ing the stochastic noise of a reconstruction, the observation
model can be written in the form

ŷ
k

= Hξ
k

+ vk , (7)

where the measurement matrix H ∈ RL×6N is defined by
H = [0 Φ(x)]. The vector v ∼ N (0,Cv

k) denotes the
white zero-mean Gaussian measurement noise with covari-
ance Cv

k.
As a result, the state-space model that describes the phy-

sical behavior of the heart motion is derived. However, the
physics-based tracking of the heart surface motion is only
possible after a system initialization. The purpose of the ini-
tialization is to match the state-space model to the obser-
vations. The observations describing the 3D position of the
heart surface are provided by an efficient 3D reconstruction
to be introduced in the next section.

4 3D Reconstruction

The proposed selection criteria for efficient reconstruction
of the 3D information from camera images is described in
this section. Our reconstruction algorithm is special because
it uses selection criteria applied to the image correspondences
and reconstructed measurement points, and constraints im-
posed by a physics-based prediction.

4.1 Reconstruction

A calibration of cameras provides three camera projection
matrices P′ ∈ R3×4N , P′′ ∈ R3×4N and P′′′ ∈ R3×4N .
The set of 3D measurement points X̂ ∈ R4N conveniently
represented in homogeneous coordinates are projected to the
image correspondences in the sense
that P′X̂ = x′ , P′′X̂ = x′′ and P′′′X̂ = x′′′. Thus, the
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point X̂ is projected to the three given 2D data points repre-
sented in homogeneous coordinates x′ ∈ R3N , x′′ ∈ R3N ,
x′′′ ∈ R3N and can be reconstructed by solving this sys-
tem of linear equations, as described in [21]. Since there are
uncertainties in the camera measurements, the image corre-
spondences do not satisfy the epipolar constraint, and thus,
there will not be a point X̂ that exactly satisfies the given
equations. To overcome this, the least squares method is
used to estimate the real 3D points X̂ .

The 3D reconstruction is possible on the basis of two
views, retrieved by a binocular camera system. However,
adding information from the third view reduces the effect
of noise and thus, enables better reconstruction accuracy.

4.2 Correspondence Analysis

The task of analysis is to find a set of correspondences over
the three camera images x′ ↔ x′′ ↔ x′′′ where x′, x′′ and
x′′′ are projections of the same
3D point X̂ .

The common way to identify the real image correspon-
dences is to look for the sets of points x′, x′′, x′′′, which
minimize the cost function

C1 =
∥∥X ′ −X ′′∥∥+

∥∥X ′′ −X ′′′∥∥+
∥∥X ′ −X ′′′∥∥ ,

where the 3D reconstructions X ′, X ′′, X ′′′ are determined
on basis of the correspondences over appropriate two cam-
era views, so that

{x′ ↔ x′′} 7→ X ′ ,

{x′′ ↔ x′′′} 7→ X ′′ ,

{x′ ↔ x′′′} 7→ X ′′′ .

If x ↔ x′ ↔ x′′ are real correspondences of the image
points, the reconstructed 3D points are all noisy reconstruc-
tions of the same real point X̂ and thus they all lie
close to X̂ .

Though providing a robust way for finding the real cor-
respondences, this cost function is computationally demand-
ing because it requires solving three different least square
systems. Therefore, the set of selection procedures is pro-
posed. In this case the number of the potential good corre-
spondences is reduced. This way, it is ensured that no con-
flicting solutions are returned after the correspondence anal-
ysis.

The first selection procedure for reducing the set of the
potential correspondences is based on the epipolar geometry
and defines a necessary condition for points to correspond.
To each point in one image, there exists a corresponding
epipolar line in the other image. The alignment of the cam-
eras in the proposed system ensures that the epipolar lines
of two different camera views will cross in the third view.
The intersection of the epipolar lines defines the position of

the third correspondence. This condition is represented by
the cost function

C2 =
∥∥l′ × l′′ − x′′′∥∥+

∥∥l′′ × l′′′ − x′∥∥+
∥∥l′ × l′′′ − x′′∥∥ ,

where the vector product of epipolar lines l, l′, l′′ defines
their intersection. Selecting only the sets of points x′, x′′,
x′′′, satisfying the condition, a subset of possible correspon-
dences containing all the real correspondences is provided.
In the chosen subset, conflicts can occur when one 2D point
is used in two different potential correspondences. In this
case, one of the two potential correspondences is necessar-
ily false and the cost function C1 is used to decide which
one is the real correspondence and reject the other false pos-
sibility.

The next selection procedure constrains the search of
possible correspondences only to the measurement points
near the position of the heart landmarks predicted by physics-
based estimation. This procedure is introduced in Section 6.
For that, the predicted positions are projected back in each
camera view by using the equations given in Section 4. If
the image correspondences x′, x′′, x′′′ are in the uncertainty
region of the predicted point, they are accepted as potential
correspondences.

Resulting from the consequent application of these se-
lection procedures, the correspondence analysis using a tri-
nocular system is fast and robust while ensuring the consis-
tency of the returned solution.

5 Initialization

Initialization of the physics-based tracking approach is a
challenging task because of the continuous movement of
the beating heart. The initialization process should automati-
cally detect the model geometry and the parameters depend-
ing on the characteristics of the patient’s heart and an inter-
vention area. In order to initialize the model geometry, the
reference positions of the measurement points on the heart
surface have to be determined. For this purpose, these po-
ints have to be tracked over some periods of the heart move-
ment in spite of noisy measurements and possible artifacts.
A measurement-based tracking algorithm is proposed in the
next section. The initialization of the state space model is
presented in Section 5.2.

5.1 Measurement-Based Tracking

The measurement-based 2D tracking runs in parallel in all
three camera views. The images of the measurement po-
ints are tracked under the assumption of high temporal res-
olution of the image stream, so that changes between two
subsequent images are sufficiently small. A nearest neigh-
bor search algorithm is applied to select sets of potential
tracks in each camera view. In order to identify the real
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Fig. 6 Configuration of the heart surface model. The shaded region
illustrates the Neumann ∂ΩN boundary conditions. The Robin ∂ΩR

boundary conditions are imposed on the sides of the model. The con-
vex hull defined by the blue shaded points specifies the size of the
intervention area.

tracks within the selected sets, the correspondence analy-
sis described in Section 4.2 is employed. This tracking me-
thod is computationally inexpensive because it reduces the
sets of points used for the computation of the correspon-
dence analysis. Furthermore, the artifacts are filtered out by
considering the tracking information in combination with
the correspondence analysis. However, this method is very
sensitive to temporal resolution, reflections, and occlusions
and thus, is not suitable for tracking over a long period of
time. Therefore, an important ability of the tracking system
is that the measurement points lost during the initialization,
can also be initialized during the physics-based tracking. For
that, the measurement-based tracking runs in parallel to the
physics-based tracking in order to determine the reference
position of the non-initialized measurement points. These
points can be dynamically initialized and further considered
by the model according to equation (4). This flexibility al-
lows the addition and replacement of measurement points
during an operation involving a surgical system.

5.2 Model Configuration

The points that have been successfully tracked the whole
initialization phase are identified as the measurement po-
ints on the heart surface. Their reference position is defined
as the average value over all initialization time steps and is
used for a configuration of the heart surface model, as pre-
sented in Fig. 6. The convex hull of these points specifies
the size of the intervention area. The landmarks on the bor-
der of the intervention area define the model nodes ∂ΩR,
where the Robin boundary conditions given in equation (3)
should be imposed. The measured heart pressure character-
izes the traction force in equation (2), imposed on the Neu-
mann boundary nodes ∂ΩN and the distributed load b in
equation (1).

It should be noted, that the geometry of the heart sur-
face model is dependent on the number of detected heart
landmarks. Generally, at least three landmarks defining the
border of the intervention area can reproduce the geometry
of the intervention area. However, the more landmarks de-

tected, the higher the accuracy of the model. The initializa-
tion of the model geometry is advantageous since it allows
to avoid an explicit matching between the model and the ob-
servations.

As a result, the heart surface model geometry is auto-
matically initialized involving the information provided by
the initialization phase.

5.3 Parameter Identification

For identification of the model parameters we make use of
observations ŷ

k
of the heart surface motion over N time in-

stances of a initialization time interval. For fitting the heart
model to the measurement data, the weighted least-squares
approach [27] is applied. It minimizes the output-error cri-
terion

J(θ) =
1
2

N∑
k=1

∥∥∥ŷ
k
− y

k
(θ)
∥∥∥2

(Qk)−1
, (8)

where the weighting matrix Q ∈ RL×L is assumed to be
positive definite

‖a‖2(Qk)−1 = aT (Qk)−1
a ,∀a ∈ RL .

Here y
k
∈ RL stands for the predicted values corresponding

to the parameter vector θ = [E, ν, ρ, η1, η2, α, β]T ∈ R7

that contains the physical parameters of the heart surface
and the weighting coefficients describing the boundary con-
ditions.

In order to ensure the physical meaning of the model pa-
rameters, the physical constraints are incorporated in the cal-
ibration procedure. For fitting the model to the observations,
only the parameters from the bounded intervals are consid-
ered. For example, the Young’s modulus E is positive. The
Poisson’s ratio is bounded by two theoretical limits: it must
be greater or equal than 0, and less than or equal to 0.5.

6 Physics-Based Tracking Approach

The physics-based tracking approach proposed in this sec-
tion allows the robust and efficient tracking of every point
on the heart surface without any assumptions on the type
of the heart’s movement. The tracking process combines the
reconstructed measurements with the information from the
heart surface model in order to achieve a robust tracking.
Below, a detailed description of this process is given.

Due to the fact that the obtained system equation (6) and
the measurement equation (7) are linear, the Kalman filter
ensures the best possible estimate for the system state char-
acterizing the motion of heart surface. Assuming the pro-
cess and the measurement noise as uncorrelated and by rep-
resenting the phenomenon state as a Gaussian random vec-
tor ξ ∼ N

(
µe
k
,Ce

k

)
, this estimator recursively updates the

state mean µe
k

and its covariance Ce
k in two steps.



9

0 50 100 150
-1.6

-1.5

-1.4

-1.3

-1.2

-1.1

-1

-0.9

-0.8

-0.7

 

 
model-based
measurements
true

time steps

z 
po

si
tio

n 
in

 m
m

(a) Model-based prediction using ARX model.
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(b) Physics-based prediction.

Fig. 7 Simulated results for the comparison of the model-based and
the physics-based estimation using noisy observations. The parameter
of both models are detected considering the heart surface motion in
all directions. The ARX model fits the noisy measurement data and
its prediction deviates strongly from the true realization of the heart
surface motion. The physics-based prediction fits the true values and
thus, provides more accurate results since the physical characteristics
of a system are considered.

In the prediction step or time update, the state and the
covariance are projected forward to the next time step k+ 1
according to [28]

µ̂p
k+1

= Akµ̂
e

k
+ Bkp̂k ,

Ĉp
k+1 = AkCe

kA
T
k + BkCwBT

k ,

where µe
k

and µp
k+1

denote the mean of the estimated and
predicted state, respectively. The state contains information
about the 3D position of the measurement points X̂ .

If the reconstructed measurement point is in the uncer-
tainty region of the predicted point it is accepted as a track
or corresponding measurement of this point.

If the reconstructed measurements ŷ
k

are accessible, the
filter step or measurement update fuses the predicted state
estimate with the measurement information according [28]

µ̂e
k

= µ̂e
k

+ Kk

(
ŷ
k
−Hkµk

)
,

Ce
k = (I−HkKk) Cp

k ,

where

Kk = Cp
kH

T
k

(
HkC

p
kH

T
k + Cv

)−1
.

Here, I denotes the identity matrix and Cv is the covari-
ance matrix of the measurement noise. In case of occlusions,

only the predicted information about the 3D position of the
measurement points is given. In this way, the model-based
estimation allows an efficient handling of occlusions by pro-
viding predicted estimates when no measurements exist.

7 Evaluation

This section evaluates the proposed physics-based tracking
approach in simulations and experimental results. First, the
performance of the physics-based heart surface motion mo-
del is highlighted in comparison to the standard autoregres-
sive model with an exogenous input (ARX), which is pro-
posed in [29] for a prediction of the heart motion. Second,
after description of the experimental setup, an experiment on
the pressure-regulated artificial heart is provided. The aim
of the experiment is to test the flexibility of the initialization
process and evaluate the prediction quality of the physics-
based tracking approach. Finally, the tracking algorithm is
analyzed regarding its computational efficiency.

7.1 Simulation

In order to point out the impact of a physics-based estima-
tion in comparison to the ARX model, we consider the ex-
ample of estimating the z-displacement of a beating heart
from noisy measurements. The ground truth of the heart mo-
tion is simulated by assuming that an accurate model of the
process dynamics with known parameters is available. The
true parameters of the physical model are Young’s modulus
E = 5 MPa, Poisson’s ratio ν = 0.28, material density
ρ = 100 gm−3, damping constants η1 = 0.51 Ns2m−1,
η2 = 0.32 Ns2m−1 and coefficients defining the boundary
conditions α = 0.1, β = 0.9. The pressure corrupted by
a white zero-mean Gaussian noise with covariance σ2 =
100 kPa2 is assumed to be periodic with the frequency 0.2 Hz
and amplitude 10000 kPa. The measurements of the heart
surface motion on 30 measurement points are simulated by
adding a white zero-mean Gaussian noise with covariance
σ2 = 0.0081 mm2. The initial state is determined by solv-
ing the static equation describing the heart surface motion.
The initial covariance matrix is defined as a diagonal matrix
Ce
k = diag {0.1, . . . , 0.1} mm2 with 360 entries correspond-

ing to the number of the system states. The process and
measurement noise are given by covariance matrices Cw

and Cv with diagonal entries 100 kPa2 and 0.0081 mm2

respectively.
A Kalman filter is used to compute state estimates by

recursive prediction and filtering. The prediction horizon of
one time step is used. For comparison of the physics-based
approach with ARX model, the prediction error is defined
as a second norm of the difference between the true and pre-
dicted position averaged over all time steps. For simplicity,
the motion of only one point on the heart surface is consid-
ered.
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Table 1 Prediction Results

methods error in mm standard deviation in mm
measurements 0.0782 0.0601
model-based 0.0558 0.0315
physics-based 0.0196 0.0154

The prediction errors provided by both approaches are
presented in Table 1. As presented in Fig. 7(b), the position
of the heart surface predicted by the physics-based estima-
tion closely resembles the true values. Since the physics-
based approach applies the physical constraints on the de-
formation of the heart surface motion in different directions,
a physically correct and more accurate prediction is guaran-
teed, especially in a case of highly accurate physical model.
In contrast to the physics-based model, the ARX model [30]
of order 9 fits the noisy measurement data. Thereby, the pre-
dicted position of the heart surface deviates strongly from
the true realization of the heart surface motion since the phy-
sical characteristics of the system are ignored. Therefore, if
the measurements are corrupted by a high noise a physically
incorrect and thus inaccurate prediction can be obtained.

7.2 Experiment

The performance of the proposed approach by estimating
the state of a pressure-regulated artificial heart is evaluated
in this section. After describing the experimental setup, we
analyze the prediction accuracy. For this, we compare the
predicted results with the measurements that were not con-
sidered by estimation. In this way, we show the performance
of the physics-based tracking approach in handling of occlu-
sions, when no measurement information is available.

7.2.1 Experimental Setup

The proposed tracking algorithm is running on a desktop PC
with a Pentium IV 2.4 GHz CPU and 512 MB RAM. Image
processing, reconstruction algorithms, and measurement-ba-
sed tracking are implemented in C++. The computation of
the physical heart surface model and information fusion are
overtaken by procedures running in Matlab. The performance
analysis is accomplished on an image sequence stemming
from a trinocular camera system. The motion of a pressure-
regulated artificial heart, depicted in Fig. 9, is measured in
a laboratory. The pressure signal is periodic with the ampli-
tude 100 hPa and frequency 1.2 Hz.

The motion of the stabilized beating heart, according to
the measurement experiment performed in [31], is 0.59 mm
in the lateral plane (x-y axis) and 2.1 mm out-of-plane (z-
axis). For evaluation of the tracking algorithm, the motion
of the pressure-regulated artificial heart shown in Fig. 9 is
tracked. The amplitude of the artificial heart motion is 1.3 mm
and 1.7 mm in x- and y-direction, respectively, and 3.7 mm

out-of-plane, as shown in Fig. 8, where estimated and mea-
sured motion of point 12 on the heart surface is depicted.
Therefore, the motion of the artificial heart is assumed to be
comparable to the real heart deformations.

For tracking the heart surface motion, the trinocular cam-
era system is installed at a distance of 50 cm over the mon-
itored operation area. The three cameras PIKE F-210C with
resolution 1920 pixel × 1080 pixel provide an accuracy of
0.2 mm/pixel in y-direction and 0.11 mm/pixel in
x-direction of the image coordinate system [32]. The expe-
rimental setup is shown in Fig. 3, wherein the camera base-
lines are about 57 cm, their focal length is about 35 mm
and the field of view is 12.8 cm × 17.02 cm. The image
size of every camera is reduced by cutting out of the defined
regions of interest (ROI). The size of ROI is 417600 pixel,
453600 pixel, and 422100 pixel in the first, second and third
camera views respectively. The cameras are calibrated using
a multiple cameras calibration toolbox with a laser pointer
[33]. The projection accuracy achieved by the calibration is
1.2 pixel. The acquired data are transfered via the commu-
nication protocol FireWire IEEE 1394b with a frame rate of
about 30 Hz. The cameras are software-triggered and syn-
chronized. On the surface of the artificial heart simulator,
the colored landmarks of 5 mm diameter, as shown in Fig. 6,
are manually attached. The centers of the landmarks are de-
fined as measurement points. They are extracted with a sub-
pixel accuracy by the segmentation algorithm, described in
Section 2. It should be noted, that the precision of the tra-
cking system depends on the amount of distributed mea-
surement points. For this experiment, 26 artificial landmarks
have been chosen.

7.2.2 Initialization Process

The initialization process is evaluated using an observation
phase of two periods of the heart motion. The frame rate of
the data acquisition is about 30 Hz. In Fig. 9(a) the mea-
surement points identified by main initialization process are
shown. The loss of measurement information was caused
by specular reflections. Further, the lost points are initial-
ized by the measurement-based tracking running parallel to
the physics-based tracking, as shown in Fig. 9(b). With the
proposed initialization algorithm, additional landmarks may
be introduced at any time. This flexibility of the initializa-
tion allows us to improve the precision of the physics-based
tracking. Furthermore, it gives a surgeon the possibility to
dynamically add or replace measurement points during sur-
gery.

The initialized parameters of the heart surface model
represented by the vector θ = [E, ν, ρ, η1, η2, α, β]T, are de-
termined by the weighted least-squares approach according
to equation (8). The obtained parameters are Young’s modu-
lusE = 24.9 MPa, Poisson’s ratio ν = 0.33, material den-
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Fig. 8 Estimated solution (dashed line) and its 3σ-bounds (shaded re-
gion) for one measurement point in comparison to the measurements
(solid line).

sity ρ = 1298.94 kgm−3, damping constants
η1 = 0.55 Ns2m−1, η2 = 0.028 Ns2m−1 and coefficients
defining the boundary conditions α = 0.49, β = 0.44.

7.2.3 Tracking Approach

The prediction quality of the proposed physics-based tra-
cking approach is evaluated in the case of total occlusions.
By comparing the estimated heart surface position with highly
accurate observations in case of total occlusions, we deter-
mine, if the heart surface motion estimates are close to the
measurements.

The accuracy of the 3D reconstruction is 0.26 mm ±
0.12 mm according to the experimental evaluation. In order
to evaluate the measurement system, a plane image of a cal-
ibration chess board is measured in different positions. This

(a) Identified by main initializa-
tion process measurement po-
ints.

(b) Measurement points identi-
fied during physics-based tra-
cking

Fig. 9 Initialization of physics-based tracking approach. The loss of
measurement information depicted in Fig. 9(a) was caused by specular
reflections. In Fig. 9(b) is shown that the lost points were successfully
detected by the second initialization process

board consists of 10 squares with 10 mm sides. The value
describing the accuracy of the reconstruction is determined
by averaging the second norm of the difference between the
reconstructed and true side lengths of the calibration board.

The performance of the tracking system in case of to-
tal occlusions is evaluated in comparison with the measure-
ments, since the ground truth motion is unknown. For this
purpose, the heart surface motion is measured by a trinocular
camera system. Then, the heart movement is estimated using
the acquired measurement data and information provided by
the physical heart surface model. The total occlusion is sim-
ulated from time step 10 to time step 90 by ignoring all avail-
able measurements during estimation of the heart motion. In
this case, the prediction provided by physics-based tracking
approach is not corrected by the measurements and there-
fore represents the prediction accuracy of the tracking. The
prediction error is defined as the second norm of the differ-
ence between the mean value of the predicted heart surface
position and the 3D reconstruction based on priory obtained
measurements.

The process and measurement noise are determined by
covariance matrices Cw = diag {1.2, . . . , 1.2} kPa2 and
Cv = diag {0.14, . . . , 0.14} mm2. The initial state is com-
puted by solving the partial differential equation (1) in its
static form. The initial state covariance matrix is assumed
Ce
k = diag {3, . . . , 3} mm2.

The physics-based prediction of the motion on one point
in case of total occlusion is shown in Fig. 10. The predic-
tion error of the physics-based tracking approach is defined
as the second norm of the difference between the measure-
ments and mean values of the predicted state. This error av-
eraged over all time steps is 0.15 mm. Thus, the presented
results show that the accuracy of the heart surface motion
reconstruction by means of physics-based prediction is in-
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side of the measurement accuracy. The main advantage of
the physics-based tracking approach is that the long-term
total occlusions can be handled. In this case, no measure-
ment information about the heart surface motion is provided
and thus, the approaches interpolating the heart motion can
not be applied. Apparently, given an accurate and convergent
model of the heart’s dynamic, the physics-based tracking ap-
proach successfully copes with the total occlusions by pre-
dicting the heart surface motion under consideration of the
pressure inside of the heart. Since the motion of the artificial
heart is comparable with the real heart motion, the physics-
based tracking approach copes successfully with the heart
deformations and can bridge total long-term occlusions.

7.2.4 Computational time

The speed of the physics-based tracking approach is mea-
sured by taking its average computational time over a set of
200 frames. The computational time per frame varies from
9.8 ms to 10.5 ms and is on average 10 ms (100 Hz). This
time includes the time needed for the computation of the
heart model, the correspondence analysis, the 3D reconstruc-
tion, and the information fusion. Thus, a high computational
efficiency of the physics-based tracking approach is achie-
ved, so that the real-time requirement on a robotic surgery
system is fulfilled.

The initialization procedure presented in Section 5 is
tested on 184 frames. This allows data processing for 8 pe-
riods of heart movement. The average computational time
for processing one frame is 4 ms, which corresponds to the
high processing frequency of 250 Hz. This processing time
represents the high computational efficiency of the measure-
ment-based tracking algorithm.

The obtained experimental results prove the efficiency
of the proposed tracking algorithm, which provides a precise
estimation of the heart surface movement.

8 Conclusion

In this paper, a stochastic physics-based tracking approach
for beating heart surgery has been proposed. It incorporates
the physical heart surface model and an efficient reconstruc-
tion algorithm. The model does not imply constraints on the
periodicity of the heart movement or out-of-plane deflection.
Due to application of the meshless methods, the complex-
ity of the physics-based modeling is significantly reduced.
The reconstruction algorithm is efficient by incorporating
the constraints provided by a physics-based prediction and a
trinocular camera measurement system.

The principle advantage of the proposed method is that
the physics-based tracking successfully copes with total long-
term occlusions. In this case, the conventional interpolation
methods cannot be applied, because no measurement infor-
mation is available. In contrast to the standard model-based
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Fig. 10 Performance of the physics-based tracking in case of total oc-
clusion occurring during time steps 10 to 90. The physics-based state
prediction is compared with the measurements, which were not consid-
ered in the estimation. The approach copes successfully with the total
occlusion, when no measurement information is available.

methods, the physics-based tracking approach ensures a phy-
sically correct and more accurate prediction by considering
the stochastic uncertainties and physical characteristics of
the heart. The experimental results show the high perfor-
mance of the tracking method.

In near the future a clinical evaluation of the proposed
approach is envisaged. For this purpose, the proposed au-
tomatic initialization of the tracking will adapt the physi-
cal model to every patient. The tracking approach allows
introduction of additional measurement points at any time.
This gives a surgeon the flexibility to add, remove, or re-
place measurement points on the heart surface during sur-
gery. Since the measurements provided by multi-camera sys-
tem allows more reliable reconstruction, the possible inte-
gration of a trinocular camera system in an endoscope for
application in minimally invasive surgery is planned.
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