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ABSTRACT

The idea of magnetic field-based train localization is derived from the observation that magnetic material in the vicinity of
railway tracks introduces position-specific and time-invariant distortions in the Earth magnetic field. A map of the magnetic field
thus can be used to estimate the position of a train by comparing the map to the measurements of a train-mounted magnetometer.

In this paper, we derive and evaluate the Bayesian Cramér-Rao lower Bound (BCRLB) for magnetic field-based train localization
with simultaneous magnetometer calibration. The BCRLB gives a lower limit for the achievable position accuracy and allows
to systematically analyze the impact of unknown but jointly estimated calibration parameters. Furthermore, the bound can be
used to show the observability of all calibration parameters.

I. INTRODUCTION

Rail transport is very efficient in terms of greenhouse gas emissions, especially compared to road transport [European Environ-
ment Agency, 2021]. In the face of climate change it is therefore desirable to shift traffic from the road to railways. To handle
the additional traffic, the capacity of the existing railway network needs to be increased. Increasing the capacity by building
new tracks is often not practical due high costs, long construction times or a lack of space, e.g., in dense urban areas. As an
alternative, capacity can be increased by utilizing the existing track network more efficiently by introducing a higher degree
of automation. Automation allows to reduce the safety distance between consecutive trains from the absolute braking distance
to the relative braking distance. Furthermore, automation enables new operational concepts such as virtual coupling that is
expected to increase the network capacity considerably. In a virtually coupled train set the different trains can split up on-the-fly
since they are only coupled over a communication link and the distance between them is controlled automatically. For virtual
coupling and automation in general, the locations of the trains in the network play a crucial role. Therefore, train localization
is regarded as one of the core technologies in future railway systems and great efforts are made to establish global navigation
satellite systems (GNSS) in the railway environment. These efforts will be successful for most areas of the railway network but
there will be always areas in which the performance of GNSS is not sufficient due to shadowing and multi path propagation.

For a couple of years, we therefore advocate the use of distortions of the Earth magnetic field for train localization. The idea of
magnetic field-based localization is derived from the observation that the Earth magnetic field along a railway track is strongly
distorted by magnetic material in its vicinity. These distortions are characteristic for a certain position on the track and are
persistent over time. Thus, the distortions can be seen as a magnetic fingerprint that can be used for train localization. Magnetic
localization is a standalone technology, e.g., for tunnels, but can also serve as a redundant source of position information



when GNSS is available. The feasibility of magnetic localization was already shown for different environments, such as
indoors [Haverinen and Kemppainen, 2009], road [Shockley and Raquet, 2014], and air [Canciani and Raquet, 2017]. For
railways, the feasibility of magnetic localization was shown, e.g., in [Siebler et al., 2020].

In addition to showing the general feasibility for railways, we derived the BCRLB to analyze the theoretically achievable
position accuracy in [Siebler et al., 2023b]. The bound in [Siebler et al., 2023b] considers only the case of a perfectly
calibrated magnetometer. This assumption is rarely fulfilled in practice, as standard calibration methods require a rotation of the
magnetometer and the platform it is mounted on in a homogeneous magnetic field. For a train-mounted sensor, this is not feasibly
without considerable effort. Hence, we developed a simultaneous localization and calibration (SLAC) algorithm [Siebler et al.,
2023a]. The key idea of SLAC is that when a train passes through a distorted magnetic field, the changes in the magnetic field
not only allow localization, but also excite all magnetometer axes such that the calibration parameters become observable.

This paper now combines the BCRLB from [Siebler et al., 2023b] with the idea of SLAC. The newly derived bound allows to
analyze the impact of the unknown calibration parameters on the position accuracy and shows how well the parameters can be
estimated.

II. METHODOLOGY

The SLAC algorithm proposed in [Siebler et al., 2023a] jointly estimates the calibration parameters alongside the position.
SLAC is based on Bayesian estimation principles and therefore a lower bound for SLAC also has to be Bayesian. In the following,
we thus give a brief overview about the BCRLB and show how it can be calculated recursively. After a general introduction,
the concrete equations for the SLAC BCRLB are derived. To show the impact of unknown parameters on the position accuracy,
a second bound is derived that considers the parameters to be known random parameters.

1. Bayesian Cramér-Rao Lower Bound

The BCRLB is a bound on the the mean square error (MSE) matrix M and fulfills the matrix inequality

M = Ex_. [(X(Z) —x)(x(z) — X)T} >Jg! , (D

where 7 is the Bayesian information matrix (BIM), %(z) is an estimator of the state x given the observations z, and the
expectation is calculated w.r.t. the joint probability density function (pdf) p(z,x) as indicated in the index. The inequality
here means that the difference M — J~! > 0 is a semi-positive definite matrix. The BIM was first introduced by Van
Trees [Van Trees, 2004] and is given by

J = —Ex . [A¥In (p(z,x))] . 2)

In (2) the differential operator is the outer product of two nabla operators A2 = V, V. For brevity the regularity conditions
of the BIM are omitted here, for the interested reader they can be found in the textbook [Van Trees, 2004]. The BIM is strongly
connected to the Fisher information matrix (FIM) from the classical Cramér-Rao lower bound. The connection is easily revealed
by substituting the joint density in (2) with p(z,x) = p(z|x)p(x) which yields
T = = Bx [Eyjx [AXIn (p(2[x)p(x))] = Ex [~ Egjx [AX Inp(2[x)]] + Ex [-AX Inp(x)]
= Ex [F(¥)] + Ex [-AXInp(x)] 3)

with the FIM
F(x) = = E x [AX Inp(z]x)] . 4

In essence, the BIM is the sum of the information obtained from the observations, represented by the expected value of the FIM
Ex [F(x)] over all possible states, and the information obtained from the prior distribution, which is the second term in (3).

2. Bound for Nonlinear Filtering

To find a bound for nonlinear filtering we have to account for changes in the state x over time. The BIM can account for time

. . . . . . T
variant states by stacking the sate over multiple time steps into a single long vector of the form xq., = [xg e xm , where

the index indicates the time step. The BIM for the state sequence Xg.; can be directly obtained from (2)

jO:k = - Ex0;k7z1:k [Aigi In (p(zl:k’ XO:k:))] ) (5)



where z1 ., is the sequence of observations available at the time step k. However, the dimension of Jy.%, is ((k + 1) - dim(x)) X
((k+1) - dim(x)) and therefore increases with each new time step added to the sequence xg.;. Depending on the sequence
length and the state dimension, this can lead to memory and complexity problems. In [Tichavsky et al., 1998], the authors
propose a recursive version of the BCRLB where the involved matrices have a fixed dimension and do not depend on the length
of the sequence. In order to apply the recursive version, the state space system that governs the time evolution of the state and
the observation model must have the Markov property. Considering that most recursive filter algorithms also require the Markov
property, this assumption is fulfilled in many practical applications. More details about the derivation of the recursive bound
can be found in [Tichavsky et al., 1998] and [Siebler Access 2022]. For a Markovian system the BIM for each time step can be
calculated from the BIM in the previous time step with the following recursion

Jii1 =DP — (D)7 (DY +J,) D2, 6)

where the matrices D!, D;? and D? are given by
Dil = _Exk:k+1 [Afxi lnp(Xk+1|Xk)}
DI = By, [A Inpless o)

Di2 = - Exk+1,zk+1 [Aifﬁ lnp(zk+1|xk+1)] - EXk:)c+1 [A?EE lnp(xk+1|xk)] . (7)

Note, the first term of DiQ can be reformulated in terms of the expected FIM

D = Ex, [F(xpe41)] = Exp [AXii np(xaialxi)] - ®)

So far these equations are rather generic and abstract. To make things more concrete, the next section defines the state space
model governing the temporal behavior of the state x for which the bound is derived.

3. State Space Model for SLAC

The state space model consists of two parts, the motion model that describes how the state vector evolves from one time step to
the next and an observation model that tells us how an observation is connected to the state. In this paper, the state vector xy
consists of two parts

T
xi=[d] 6] ©)
where the dynamic state d;, € R? contains the along-track position s, and the speed 3, of the train
4T
di =[sk 8k . (10)

The along-track position is a one-dimensional value that describes the position of the train on a known track and is limited to
the interval s € [0, Lyck] Where Ly is the length of the track. The remainder of the state is the vector 8y, containing the
magnetometer calibration parameters that will be described in the end of the section. The dynamic model used throughout the
paper is a simple linear model with an acceleration input

_|di| _ | Fa  Oaxi2| |dr—1 Bg Ioxo
k= {91@} N |:012><2 Lioxiz| [06-1) T [0121 | 1 T 0100 W51
=Fxp_1 +Bag_1 + Gwyi_1, (11)
with the system matrix Fgq and input matrix Bq
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Fd:{é ﬂ Bd:[%]. (12)

The process noise is Gaussian w ~ A (0, Q) with a covariance according to a continuous white noise acceleration model,
cf. [Bar-Shalom et al., 2001],

q, (13)



where T is the duration between two consecutive time steps. The system matrix of the calibrations parameters 8y, in (11) is the
identity matrix I and the parameters are unaffected by the acceleration input and the process noise. The parameters are therefore
modeled as unknown but perfectly constant. This might not be practical in the implementation of a filter but in a bound this
causes no problems. To account for slowly changing parameters one can simply add a small process noise to the parameters.

The bound solely uses the observations of a vector magnetometer with three orthogonal axes. Furthermore, the magnetometer
is assumed to be uncalibrated. With these assumptions the observation model becomes

Zi = Cm(sk)erJrnk R (14)

where m(-) : [0, Lyack] — R? is a map of the magnetic field that maps the along-track position sy, to the magnetic vector field
at that position and ny, ~ N(03x1,021I3x3) is the sensor noise. The calibration matrix C € R3*? and the bias vector b € R3
account for imperfections in the magnetometer caused by the hardware of the sensor, and soft and hard iron effects caused by the
train on which the sensor is mounted. More details about the calibration model and the source of the imperfections can be found
in [Renaudin et al., 2010, Kok and Schon, 2016]. Note, in the above model the magnetic map does not have to be created with a
calibrated magnetometer. If the map was created with an uncalibrated magnetometer, C and b have to be understood as relative
calibration parameters between two magnetometers. In [Siebler et al., 2023a] the requirements for the relative calibration are
explained in detail and it is shown that in the railway domain the requirements are roughly met. In our previous work about
SLAC we have shown that (14) can be reformulated in terms of a single parameter vector 8 € R'2

Zi = H(Sk)ak +ny, (15)
where H(sy) is a matrix valued function
[m(s,)T 1] 014 0154 h{ (sp)
H(Sk) = 01><4 [m(sk)T 1} 01><4 = h;(sk) . (16)
01x4 014 [m(s)T 1] hy (sk)

The parameter vector is composed of the rows from the calibration matrix C and the elements of the bias vector b

0=1[c] b cf b c byl . (17)

Regarding the notation, the i-th row of C is represented by a column vector c;. This might be a bit confusing but avoids that we
have to differentiate between column and row vectors in the remainder of the paper.

The reformulated observations model (15) shows that for a known train position the estimation of the calibration parameters is
a linear estimation problem that can be solved efficiently with a linear estimator, e.g., a Kalman filter. The conditional linearity
of the calibration parameters is also the basis for the Rao-Blackwellized particle filter used in SLAC. The Rao-Blackwellized
filter has for each particle a separate Kalman filter which has two benefits. First, the states related to the parameters do not have
to be sampled and thus the state space of the particle filter is kept small. Second, for each particle the parameters are estimated
optimally by the Kalman filter. As the reminder of the paper will show, this decomposition of the estimation problem in a
nonlinear and linear part also translates to the BCRLB such that the parts related to the calibration parameters can be calculated
analytically and no numerical integration is required.

4. BCRLB for SLAC

The equations for the BCRLB and the state space model provide all the ingredients required for deriving the SLAC bound. The
matrices D}, D12 and the second term of D#2 in (7) are obtained in a straightforward way from the derivatives of In p(xj1|xx)
due to the linearity of (11) w.r.t. the state

Dll — FT(GQGT)le
Dllg2 _ _FT(GQGT)—l
D = Ex,, [F(x141)] + (GQG ) ' . (18)

Inserting the above equations into (6) and using the Woodbury matrix identity yields a compact representation of Jj1

Tit1 = By [Fxis1)] + (GQGT +F7, 'FT) 7L, (19)



In the sequel, we derive the expected FIM in (19). For the FIM we first derive the likelihood from the observations model

P(zs1]Xn11) =N (213 H(sk51)0541, 02 1353) (20)

and, second insert it into the definition (4) of the FIM. For the derivation it is beneficial to divide the differential operator Ai’;ﬁ

into four blocks that reflect the structure of the state vector in (9)

v dpp A9k+1
A= v (Vi Ve = | i %ﬂ @n
bl Ora O
Applying (21) to the likelihood yields a FIM in block form
]:(Xk+1) — i l:JH(Skhl-l) [I3><3 & 979-4—1] [I3><3 &® Okyyl}—r JHT(Skhl-l)T JH(S]Q.H) [I3><3 ® 0k+1] H(Sk-l—l) (22)
o (Jr(sk) I3x3 @ Opr1] H(skp)) H(sg) " H(spp) ’
where the Jacobian matrix Jyg is given by the derivatives of H(-) w.r.t. the dynamic state
Ju(sen) = [Vauhi (sk1)  Vaeahs (sea)  Vagahs (ska)] - (23)

For the BIM the expectation of the FIM over the pdf p(xx) is required. As it turns out, the expectation over the parameters
0,11 is easily calculated analytically such that only the expectation over d; needs to be numerically integrated

1 Ju(srn) |:IS><3 ® (Hemﬂgﬂl + Eem)} Ju(sea)”  Ju(sw) |:IS><3 ® Me,ﬁl} H(sp41)
Exk+1 [‘F(Xk’+1)] = 0_72 Edk+1 T T
z (FreCspen) [Toxs @ po,.,| Hlsnin)) H(s1) " H(spe)
(24)

In (24) the vector g, , is the predicted mean and 3¢, ., the predicted covariance of the parameters vector at time step k+1. The

predicted values are obtained by applying the system model to the Gaussian prior of the parameters p(6) = N (8o; pg,, Xo,)-
Since the parameters are constant in the system model, the prediction is not necessary and p(6x41) = N (Oki1; g, X, )-

The magnetic map in the observation model is usually unknown analytically due to the complex interactions of the environment
with the Earth magnetic field. Thus, the map has to be constructed from a set of observations. In [Siebler et al., 2023b] the map
is represented by a Gaussian process (GP). Here, the GP will be used once more but in a simplified manner and the position
dependent variance of the GP is not considered. This simplification is done because it gives rise to the above given compact
bound in which the expectation of the parameters is performed analytically. Furthermore, including the position dependent
variance of the GP might mask the impact of the unknown calibration parameters on the position accuracy.

5. BCRLB for Know Calibration Parameters

To see how the simultaneous estimation of the calibration parameters impact the position accuracy, the SLAC bound is compared
against a second bound that assumes the parameters are still a random variable but this time their values are known during
estimation. In other words, the state vector of the second bound only contains the dynamic state d;, but not the parameters. For
a fair comparison, the expectation of the second bound over the prior distribution of the calibration parameters is calculated.
Thus, the second bound is given by the inverse of the expected BIM

T8 = Fo [~ Bagynn, [A%% I (p(21, do; 0))] ] 25)

where 6 is no longer part of the state but a parameter that changes the likelihood model (20) and thus the FIM derived from it.
The calculation of (25) is closely related to the SLAC bound, but in the FIM only the position dependent part is accounted for
and the system model in (11) is reduced to the parts that are related to the dynamic state. Similar to the SLAC bound, the BIM
can be calculated in a recursive manner

To1 =EBe [Ea,., [F(des130)]] + (Q+Fa(J0)'Fgq) 7" . (26)

As before, the expectation of the FIM w.r.t. the parameters in Eg [Eq, ,, [F(dj+1;8)]] can be calculated in closed form and is
given by the upper left block of (24).
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Figure 1: Mean of the GPs that represent the magnetic field map. Each component of the magnetic map is represented by a separate GP.
The flux density in the graphs is dimensionless (a.u. stands for arbitrary units). This is because the magnetometer used for the measurements
returns normalized data only. According to the data-sheet 1 a.u. correspond to ~ 40 p'T.

III. EVALUATION
1. Measurement Setup and Map Generation

The proposed bounds are evaluated with the same data set and GP that was already used in [Siebler et al., 2023b]. The data
for the GP training was recorded with a Alstom Coradia LINT 41 diesel-powered train from the Bayerische Regiobahn driving
between Augsburg and Ingolstadt. The magnetic vector field was recorded with a Xsens MTi nine degree of freedom inertial
measurement unit (IMU) at a frequency of 200 Hz. The position of the IMU was obtained with a u-blox LEA-6T GPS receiver.
The GP that represents the magnetic map in the bound covers a 1 km long track segment. The three components of the magnetic
vector field are represented by three separate GPs. To get an impression of the magnetic field, the mean of the three GPs is
shown in Fig. 1. More details about the training of the GP, its hyperparameters, and the equations for the derivative of the mean
are described in [Siebler et al., 2023b].

2. Simulation Setup

For the results in the next section we use 1000 trajectories for the train position and train speed generated randomly from the
system model (11). The random trajectories are then used to get an approximation of the expected value of the FIM in (19).
Since the expectation over the parameters can be calculated in closed form, it is not necessary to sample the parameter space.
Note, this is also true when the parameters are changing over time. In the generation of the position and speed trajectories we
use a step width of 7 = 0.1s and an acceleration noise density of 0.0625 m? /s3. In total each trajectory is 300 time steps long.
In the first 100 steps the acceleration input is set 2 m s~2, followed by 100 steps of zero acceleration then the acceleration is set

. . . . T
to —2m s~ 2. The mean and covariance of the Gaussian prior of the dynamic state are set to Ba, = [100 m 5 ms_l] and

Y4, = diag( [100 m? 1m? 8’2] ). The distribution of the trajectories generated from the above defined parameters is shown
in Fig. 2. For the likelihood the standard deviation of the magnetometer sensor noise is set to o, = 0.0037, which was obtained
from the GP hyperparameter optimization.

The mean and covariance of the Gaussian prior distribution p(6y) of the calibration parameters 6 are set to different values
during the evaluation. The changes in the prior focus on the calibration matrix C, since changes in the prior of the bias have
shown only little impact on the resulting bound. This is because the bias related parts in the Jacobian (23) are zero which renders
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Figure 2: Position and speed distribution over the 300 time steps. The blue line shows the mean and the blue shaded area indicates three
times the standard deviation. The mean value clearly shows the acceleration in the beginning and the deceleration towards the end.

the upper left block of the FIM independent from the bias. For the covariance we assume it is diagonal

2 2 2 2 2 2 2 2 2 2
i 9Cy %% 9cy 9Ca 9Cy; 9 9Cy; 9Ciy;  PCas O'b})’ @27

E00 = dlag ([0(2311 O.é
and that all off-diagonal values of C and all bias components have each the same prior. The variance related to the three bias
components is set to o, = 0.25 and the mean is set to zero. The variance and the bias related to the off-diagonal elements in C
are set to a fixed value of o,;; = 0.05 and pc,;; = 0. The only part of the prior that will be changed in the evaluation is the part
related to the main diagonal elements of C. We decided to fix all other parts of the prior because we want to focus on the parts
that have a strong effect on the bound. Furthermore, we expect that changes in the distribution of the off-diagonal elements have
a similar effect than changes in the main diagonal.

3. Results
In Fig. 3 we see the position BCRLB for SLAC [ 7 ~!]1; and for known parameters [(7%)~!]1; . The bounds are obtained for a
fixed standard deviation of o¢,, = 0.05,4 € {1, 2, 3} and three different values for the mean uc,, of the first diagonal element.

The mean of the remaining elements is set to pc,, = ficy; = 1. For all three values of the mean pc,, the two bounds are rather
close to each other. This can be seen also from their ratios which show that the difference is in the range of just a few percent.
Therefore, from a theoretic point of view using SLAC does not strongly affect the achievable position accuracy. However, one
should keep in mind that the bound might not be attainable by an actual position estimator. Additionally, performing SLAC
certainly increases the computational complexity of the magnetic localization system and thus hardware or runtime restrictions
might lead to additional decreases in the position accuracy.

Besides the relative difference between the SLAC and known parameter bound, Fig. 3 also shows that the absolute values of the
bounds for different mean values change considerable. This was to be expected from the equations of the bound in (24) and is
also somewhat intuitive when we consider that a high absolute mean value for the elements in matrix C causes more likely an
amplification of the values in the magnetic map. The amplification in combination with a constant sensor noise level results in
an effective increase in the signal-to-noise ratio and therefore a lower positioning bound.

Similar to changes in the mean of the prior distribution, changes in the prior covariance strongly affect the resulting bounds. To
investigate the sensitivity of the bound w.r.t. the covariance, Fig. 4 shows the bound for three different values of oc,, and a fixed
mean pc,, = 1. For the other diagonal elements the prior stays the same, thus oc,, = 0.05 and pc,, = 1 fori € {2,3} . As
for the mean, there is a clear trend in the position bound, a higher covariance leads to an higher position accuracy. In contrast
to a higher mean value, a higher variance seems to considerably lower the ratio between the two bounds, e.g., for oc,, = 5 the
ratio is close to one. This difference in the behavior compared to a high mean value can be explained by the structure of the
FIM in (24). The variance only affects the upper left block related to the position. The mean on the other hand, also affects the
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lower left and upper right block of the FIM, which represents the correlation between the parameters and the position.

The SLAC bound does not only provide the lower bound for the position, but also the bound for the parameter estimation. This
is of particular interest because this part of the bound allows us to draw conclusions about the observability of the calibration
parameters. In Fig. 5, the bounds for the parameters for ;1c,, = 1 and oc,, = 0.5 is shown. For each of the twelve parameters
the bound gets smaller over time and gets flat towards the end potentially converging to a steady state. Since this is true for
all parameters, the bound suggests that SLAC can achieve a full calibration of a vector magnetometer without the need of an
dedicated maneuver of the magnetometer and the platform on which it is mounted on.

IV. CONCLUSION

This paper investigates magnetic train localization and how unknown magnetometer calibration parameters influence the position
accuracy. The investigation is based on two versions of the BCRLB. The first version is derived for the case when the train
position and the magnetometer parameters are estimated jointly and the second version is derived for the case when the
magnetometer parameters are known. In both bounds, the magnetic field is represented by a GP trained on the basis of real train
measurements.

An evaluation and comparison of the bounds showed that the joint estimation of calibration parameters and position only leads
to a minor decrease in the achievable position accuracy. In addition, the evaluation suggests that all calibration parameters are
observable. Thus, a full calibration of the magnetometer is possible without rotating the sensor around its axes, as it is done in
common calibration procedures. Another observation worth mentioning is the increase of the position accuracy for large mean
and variance values in the prior distribution of the elements in the calibration matrix. Since the calibration matrix is multiplied
with the magnetic field map, large values in the matrix increase the absolute values measured by the sensor and thus increase
also the signal-to-noise ratio and thus the position accuracy.
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