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Abstract— This paper studies bi-fidelity uncertainty propa-
gation for dynamic systems under uncertain parameters. Low-
fidelity trajectories are generated for many samples, repre-
sentative samples are selected by QR-based column subset
selection, and high-fidelity simulations are performed only at
these selected samples. We compare random sampling with
deterministic strategies based on localized cumulative distri-
butions (LCD) and a reduced Karhunen-Loéve representation
of the noise process. The method is easy to implement, since it
relies only on existing solvers and standard linear algebra.

We then demonstrate the method on a controlled vehicle
model with uncertain initial conditions and correlated steering
perturbations. The example is used as a simple computational
test case for comparing sampling strategies in a trajectory-
based bi-fidelity framework. An explicit Euler solver is used
as the low-fidelity model, while a fourth-order Runge-Kutta
solver serves as the high-fidelity reference. The results show
that deterministic sampling can improve the bi-fidelity estimate
in several test cases.

I. INTRODUCTION

Uncertainty propagation for dynamical systems often re-
quires the repeated solution of an initial value problem with
random inputs. In this work, the uncertain input consists
of random initial conditions and a time-dependent steering
perturbation. For each realization of these inputs, the con-
trolled ordinary differential equation becomes deterministic
and produces one trajectory. A typical quantity of interest
is the expected final position after propagation. A direct
Monte Carlo estimate is straightforward [1], but it requires
a large number of model evaluations. If each trajectory
is computed with an accurate high-fidelity solver, this can
become computationally expensive.

Several approaches have been developed to reduce this
cost. Intrusive stochastic Galerkin methods based on poly-
nomial chaos expansions represent the random solution in
an orthogonal polynomial basis and project the governing
equations onto this basis [2]. These methods can converge
rapidly for suitable random inputs, but they often lead to
coupled deterministic systems and may require substantial
modifications of existing solvers. As a non-intrusive alterna-
tive, stochastic collocation methods approximate the random
solution from deterministic model evaluations at selected
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Fig. 1. Trajectories u(z) of the low-fidelity (blue), high-fidelity (black),

and bi-fidelity (orange) models for one test realization. The final-time state
(red box) is the quantity of interest used for the Monte Carlo mean estimate.

parameter points. In the classical form, one writes

k=

=

where zj, are collocation points and Lj are Lagrange basis
functions [3]. This keeps the deterministic model evaluations
independent, but high accuracy may still require many ex-
pensive high-fidelity simulations.

Multifidelity methods address this difficulty by combining
models of different cost and accuracy. A cheap low-fidelity
model is used to explore the parameter space, while the
high-fidelity model is evaluated only at a smaller number
of informative samples [4]. In the bifidelity stochastic col-
location approach of Narayan, Gittelson, and Xiu [5], many
low-fidelity samples are first computed and used to identify
representative parameter points. The high-fidelity model is
then evaluated only at these selected points. For a new input
z, the low-fidelity trajectory is projected onto the span of the
selected low-fidelity trajectories, and the same coefficients
are used to reconstruct a high-fidelity approximation. Related
trajectory-based ideas have been used in orbit uncertainty
propagation, where low-fidelity propagated samples define
a basis and a small number of high-fidelity propagations
correct this basis [6].

The contribution of this paper is to study LCD-based
deterministic sampling strategies [7] for trajectory-based bi-
fidelity stochastic collocation [5]. The goal is to investigate
how the construction of the low-fidelity candidate set affects



the final bi-fidelity estimate, and whether deterministic sam-
pling can improve the result compared with purely random
sampling.

We evaluate this idea on a controlled vehicle model with
uncertain initial conditions and correlated steering noise. The
noise process is represented by a reduced Karhunen—Logve
expansion [8], and the representative samples are identified
using QR-based column subset selection [9]. The resulting
bi-fidelity approximation is used to estimate the final-time
mean position.

II. BI-FIDELITY FRAMEWORK
FOR UNCERTAINTY PROPAGATION

In this section, we follow the general stochastic collocation
setup presented in [5]. Here, we consider the special case
in which the differential system consists of an ODE, and
the random parameter input is composed of uncertain initial
conditions together with a discrete-time trajectory of noise.
As the corresponding low- and high-fidelity models, we
consider discretized solutions of this system at different
fidelity levels.

A. Parameter-Dependent Controlled Dynamics

In the general setup, we model the uncertain input as a
finite-dimensional random variable Z. With a slight abuse of
notation we write

ZelzCcR. (1)

We assume that Z consists of two components: an un-
certain initial condition and a time-dependent perturbation
trajectory. More precisely, we write

Z = (50, 4) ,
where

sy €1y C R%
denotes the random initial condition and

Acl, CR%

denotes the random perturbation trajectory. Hence, the full
parameter domain is given by

Iz =1y x I, C R¥otda,
A realization of Z is denoted by
z=(89,) €Iz .

For each fixed realization z, the controlled system becomes
deterministic. The general formulation in [5] is motivated
by parameter-dependent PDEs. In this work, we use the
corresponding finite-dimensional ODE setting and write the
controlled initial value problem as

d
Z8(t2) = f(s(t,2), alt, 2), a(t))

We assume that for each fixed realization z, this initial
value problem admits a unique solution on the time interval
[0, T]. Here, s(t, z) denotes the system state, a(t, z) denotes
the control input, and s is the initial condition contained in

5(0,2) =g .

the realization z = (s,, ). See Fig. 1 for a visualization of
one such trajectory realization. The perturbation trajectory o
is also part of this realization. It enters the dynamics through
the time-dependent term ().

Instead of considering the continuous-time solution of this
ODE, we follow the ideas presented in [6] and look at the
corresponding discrete-time trajectories. We thus consider a
discrete-time grid with n time steps ¢;

O=toy<ti<--<tp=T

and the system outputs s(¢;, z) at these time steps, which we
concatenate to a long column vector u(z)

u(z) = (s(to, 2),8(t1,2), -, 5(tn, 2)) | -

Using the full discrete trajectory wu(z) rather than only
the final state provides a higher-dimensional output vector
and therefore a richer basis for the subsequent bi-fidelity
approximation. Thus, each realization z is mapped to one
trajectory sample, which is used in the sample-based uncer-
tainty propagation and in the bi-fidelity approximation below.

B. Sample-Based Viewpoint

As discussed above, the random input Z takes values in the
parameter domain [z. In the setting of stochastic collocation,
the uncertainty in Z is represented by a finite set of M
realizations zj,

F:{gl,...,gM}Clg .

Each point z;,, € I' defines one deterministic model evalua-
tion and therefore one discrete trajectory wu(z; ), as introduced
above. We write the corresponding set of trajectory samples
as

uw(l) ={u(z1), - ulzp)} -

The choice of T is relevant for uncertainty quantification,
since it determines how the distribution of Z is represented
by finitely many model evaluations. In this work, we con-
sider both standard Monte Carlo samples and deterministic
sampling strategies.

C. Bi-Fidelity Approximation

We now introduce the bi-fidelity approximation used to
reduce the number of expensive model evaluations. Follow-
ing the general idea of Narayan, Gittelson, and Xiu [5], we
assume that two models of different fidelity are available.
The low-fidelity model is denoted by

ub Iy -V
and the high-fidelity model by
ufl Iy — v

Here, V¥ and V' denote the discrete trajectory spaces asso-
ciated with the low- and high-fidelity models, respectively. In
the simplest case, both models return trajectories on the same
time grid and these spaces can be identified. More generally,
they are kept distinct to allow for different discretizations or
resolutions.



The high-fidelity model u!? is assumed to be more accu-
rate but more expensive to evaluate, while the low-fidelity
model u” is cheaper but less accurate. A direct high-fidelity
evaluation on all samples in

F={zy,...,z2y} C Iz

would require the computation of

u () = {u(z1), - u (zp)} -

This can be computationally expensive when M is large.
The bi-fidelity approach first evaluates the low-fidelity

model on the full sample set

uH(T) = {u"(z1), ... uP(zp)} -

These low-fidelity trajectories are used to select a smaller

set of informative samples. One possible selection criterion

is the greedy rule

2, = arg max dL(gL(g), UL(’yn—l)) )
zel

Tn = 7n—1U{§n} .
2

where

Ul (yn-1) = span{u(2) : 2 € yo_1}

Here, d” denotes the distance induced by the norm on the
low-fidelity trajectory space. In the present numerical setting,
the trajectories are represented as vectors, so this distance is
taken as the Euclidean distance to the span of the already
selected low-fidelity trajectories
vy=Azy,--,2z,}Cl, r<M .

The high-fidelity model is then evaluated only at the selected
samples

UH(’Y) = {@H(§i1)7 e a@H(ZiT.)} .

For a new realization z € Iz, the low-fidelity trajectory
u*(z) is approximated by a linear combination of the se-
lected low-fidelity trajectories

r

ut(2) =) ei(2)u(z;) -

j=1

The coefficients c¢;(z) are obtained by projecting ur(z)
onto the span of the selected low-fidelity trajectories via
the pseudoinverse. The same coefficients are then used to
construct a bi-fidelity approximation of the high-fidelity

trajectory
T

a(2) = ¢i(2)u(z;,) -

j=1

Thus, the low-fidelity model is used to determine the re-
construction coefficients, while high-fidelity evaluations are
required only at the selected samples in 7.

D. Sample-Based Estimation of Statistics

Bi-fidelity methods have also been used to estimate statis-
tical moments from Monte Carlo or collocation samples [10].
Here, we apply

this idea in a trajectory-based setting.

The bi-fidelity approximation is constructed for complete
discrete trajectories. For the statistical evaluation, however,
we only consider selected components of the final state. Let
P denote the projection onto these components of interest.
We define the final-time output by

pr(u(z)) = P(s(T,z2)) .

These components could, for example, be selected position
coordinates of the final state.
The expected high-fidelity final position is

pi =E [pru(2))]

The expectation is taken with respect to the probability
distribution of the uncertain input Z.

Given a sample set I' = {z,,...,z,,}, this expectation is
approximated by the Monte Carlo estimator

1 M
I = 57 2 pr(z)) .
=1

This direct estimator requires M high-fidelity model evalu-
ations.

In the bi-fidelity approach, the high-fidelity trajectories
uf (z,) are replaced by their reconstructed approximations
@' (z;). The corresponding bi-fidelity estimator is

| M
art =22 > pr@ () -
i=1
Thus, the bi-fidelity approximation is used to estimate the
expected high-fidelity final position while requiring high-
fidelity evaluations only at the selected samples. See the
orange line in Fig. 1 for such a bi-fidelity approximation:
its final point is much closer to the high-fidelity than to the
low-fidelity.
In this work, we are particularly interested in reducing the
error between the corresponding Monte Carlo estimators,

ewe = 27 277, - ®

III. CANDIDATE SET CONSTRUCTION
AND SAMPLE SELECTION

This section describes how the informative sample set v C
T" is computed in practice. We first construct a finite candi-
date set I" of input samples, which may be generated either by
random Monte Carlo sampling or by deterministic sampling
strategies. The low-fidelity model is then evaluated on all
samples in I', and the resulting trajectories are collected
in a snapshot matrix. A column subset selection method
is applied to this matrix in order to identify representative
samples for high-fidelity evaluation.



A. Sampling of the Candidate Set
The candidate set

F={zy,...,z2y} C Iz

contains the input samples used for the low-fidelity evalua-
tions. Each sample z; represents one realization of the uncer-
tain input and therefore defines one deterministic trajectory.

The set I' can be generated either randomly or de-
terministically. Random sampling corresponds to standard
Monte Carlo sampling. As a deterministic alternative, we
use localized cumulative distribution (LCD) sampling, based
on the LCD framework for comparing multivariate random
vectors [7]. In this approach, the target density f of the
uncertain input is approximated by a finite Dirac mixture

f ~ M
fl2)=> wid(z—2z) .
=1

Using a kernel K (-;m,b), centered at m with positive scale
parameter b, the LCD of f is

F(m,b) = [ f(z) K(z;m,b)dz ,

Iz
where the integral is taken over the possibly multidimen-
sional parameter domain Iz. For the Dirac mixture, the
corresponding LCD is

M
F(m,b) = ZwiK(gi;m,b) .
i=1

The deterministic sample points z; are then obtained by
minimizing a discrepancy between F' and F' over relevant
locations m and scales b. In this sense, LCD sampling
can be interpreted as an optimization-based construction of
a finite sample set that represents the distribution of Z.
Compared to random sampling, the systematic placement of
LCD samples typically requires fewer samples to represent
the target density accurately.

B. Sampling the Noise Process

With the limited number of deterministic samples used in
this study, direct sampling of the full noise vector did not
give reliable results in preliminary tests. We therefore reduce
the stochastic dimension of the noise vector «. In this paper,
we use the discrete Karhunen-Loeve expansion (KLE) as
presented in [8]. We consider the covariance matrix

Ca c R7X7

of the discretized correlated noise process.
Since C,, is symmetric and positive semidefinite, it admits
the eigenvalue decomposition

C.=QAQ',
where
Q=1[q -~ g,
contains the orthonormal eigenvectors and
A =diag(A1,..., \n)

contains the corresponding eigenvalues, ordered as
A ZA 227,20

A realization of the Gaussian noise vector can then be
written as

a,=QAY?¢,, £ ~N(OT,),
where

AY? = diag(v/ A1y ooV An)

To reduce the stochastic dimension, only the R dominant
eigenmodes are retained. With

QR: [ﬂl QR] s AR:diag()\l,---,)\R) s
the truncated representation is
a, ~ QrAE, . €, ~N(OIR) .

Since the noise process is Gaussian, the KLE coefficients
§ , are independent standard normal variables. Thus, deter-
ministic sampling is only applied to the reduced coefficient
vector §, € R, rather than to the full noise vector o), € R™.

C. Column Subset Selection

To identify the important directions in the low-fidelity
trajectory ensemble, we consider the low-fidelity snapshot
matrix

S' = [ul(s) wb(z) - wh(oan)

Analogously, the high-fidelity snapshot matrix S is de-
fined. The singular values of this matrix indicate how well
the snapshot space can be represented by a low-dimensional
subspace. By the Eckart—Young—Mirsky theorem [11], the
truncated singular value decomposition gives an optimal
rank-k approximation in the Frobenius norm. The relative
amount of captured energy is given by

i o3(Sh)

j=107(S8H) 7

where p = rank(S%). This criterion can be used to assess
whether a low-dimensional approximation of the snapshot
matrix is sufficient.

However, the basis vectors obtained from the SVD are not
actual snapshot columns and therefore do not correspond to
individual trajectories u”(z;). Since the bi-fidelity procedure
requires selected parameter samples z, for high-fidelity eval-
uation, we use column subset selection instead. Here the goal
is to select representative columns from S”. In the following,
we use the basic ideas of rank-revealing QR factorizations,
following Gu and Eisenstat [9], to compute such a subset.

We then see that the greedy rule in (2) can be implemented
by QR factorization with column pivoting applied to the
low-fidelity snapshot matrix S”. It computes a column
permutation II such that
0 Cg

SIT—QR, R- (A’f Bk)



Algorithm 1 QR with column pivoting for fixed number of
samples

Algorithm 2 Strong RRQR column exchange for fixed
number of samples

k:=0,
while k£ < r do
Jmax = argmax, <;<n—x 75 (Cr)

1: R := SL,
2:
3:
4: k=k+1
5
6
7

II1:=1

Move column k + jpax — 1 to position k
Update the QR factorization and the permutation 11
end while

Here, the first k£ permuted columns correspond to the cur-

rently selected snapshots. The block Ay is associated with

these selected columns, while C;, denotes the residual block

of the remaining columns after projection onto the span of

the selected columns. Here, Cj; is only a QR block and

should not be confused with the covariance matrix C,.
Following the notation of [9], let

75 (Ck) = [[(Ck): 512

denote the Euclidean norm of the j-th residual column.
Thus, v;(Cy) measures how much of the corresponding
remaining snapshot is not yet represented by the span of
the already selected snapshots. QR with column pivoting
selects the remaining column with the largest residual norm.
The corresponding QR-pivoting procedure is summarized in
Algorithm 1.

After termination, the first r columns of the permuted
snapshot matrix SYTI define the selected low-fidelity tra-
jectories and the corresponding sample set

v=A{zy,---,z,}CT .

Although QR with column pivoting provides an efficient
greedy strategy, the resulting column subset is not guaranteed
to be optimal. In particular, the selected columns may lead
to a numerically unstable representation of the remaining
columns. This is relevant in the bi-fidelity setting, since
the remaining low-fidelity snapshots are obtained from the
selected ones by projection and the resulting coefficients are
later transferred to the high-fidelity trajectories.

Algorithm 2 is not expected to directly minimize the final
Monte Carlo error. Its purpose is to improve the numerical
quality of the selected subset, for example by avoiding
nearly linearly dependent selected columns. Therefore, a
more stable column subset does not necessarily lead to a
smaller error in the final-time statistics.

To obtain a more robust column subset, Gu and Eisenstat
[9] introduce the Strong QR strategy based on column
exchanges. The idea is to improve the selected block A after
an initial column ordering has been computed. The quality of
this block is related to its singular values: very small singular
values of A, indicate that the selected columns are close
to being linearly dependent. At the same time, the residual
block Cy, should be small, since it represents the part of the
remaining columns not captured by the selected columns.
For the leading block Ay, the product of its singular values

1: Compute an initial QR factorization with column per-
mutation and r selected columns

2: Partition A B
R= ( 0 CT>

3: while there exists a selected column ¢ and a non-selected
column j such that

det(A,)
det(A;)
do
4: Exchange selected column 7 with non-selected col-
umn j

5: Update the QR factorization, the permutation II, and
the block A,
6: end while

can be expressed by Cy through the identity

k INTSL
det(Ay) = Hoi(Ak) = % )
i=1 Hj:l 0;(Cy)
This motivates an exchange criterion based on det(Ay). Se-
lected and non-selected columns are interchanged whenever
the exchange sufficiently increases the determinant of the
leading block. A swap is accepted if the new leading block

A, satisfies

~

det(A,)

det(A;)
The process is repeated until no such improving exchange
exists.

> g, g=>1.

IV. VEHICLE CONTROL TEST CASE

In this section, we apply the bi-fidelity framework in-
troduced above to a controlled vehicle test problem. The
example is intentionally simple and is used to study the effect
of solver fidelity and sampling strategy on the bi-fidelity ap-
proximation. We first describe the kinematic vehicle model,
then define the Euler and Runge—Kutta based fidelity models,
and finally present numerical results for different sampling
strategies.

A. Controlled Vehicle Model

We now introduce a simplified planar kinematic bicycle
model without leaning dynamics, where the front and rear
axles are each represented by a single wheel. The model
is based on the formulation in [12]. While that formulation
uses the center of mass as the reference point, we use the
rear-wheel contact point instead, see Fig. 2.

The vehicle state s with position (r,7,) and orientation
¢ is given by

§(t,Z) = (Tx(t’§)7 Ty(tvé)v (Zs(tv&))

T



Fig. 2. Rear-wheel reference formulation of the kinematic bicycle model.
The state position r = (rg, ry) refers to the rear-wheel contact point, vy
denotes the rear-wheel speed, ¢ is the vehicle orientation, and § is the
steering angle.

Let (t,z) denote the steering command generated by the
controller and let a(t) denote a time-dependent steering
perturbation. The kinematic bicycle dynamics are given by

ra:(t7§) = Vg COS (b(t?g) )
fy(t,é) = vy sin ¢(t7§) 5

o(t,z) = UTH tan(8(t, z) + a(t))

Because the rear wheel is the reference point, vy is aligned
with the vehicle orientation ¢. Thus, the position dynamics
do not require an additional slip angle.

To keep the vehicle close to the straight reference path
ry = 0 and ¢ = 0, we use a proportional feedback law for
the desired yaw rate,

wdcs(ta Z) = 7ky7ﬂy(t;§) - k¢¢(ta§) )

where k, > 0 and k;, > 0 are feedback gains. The cor-
responding steering command is obtained from the bicycle
relation

VH
w=—

] tand

which gives
l
o(t,z) = arctan(wdes(t, z))
vy

The steering perturbation is modeled as a correlated ran-
dom trajectory on the time grid. We write

a= (..., an.—1)T ~N(0,%,) ,
with covariance matrix
(Za)ij:a?xexp (_Z;]>a i7j:O7"'7nT_1

Here, o, controls the perturbation magnitude and ¢ is the
correlation length measured in time steps.

B. Euler/RK4 Fidelity Pair

The purpose of this test case is to study the bi-fidelity
construction in a controlled numerical setting. Therefore, the
fidelity hierarchy is not introduced through different physical
models, but through different numerical solvers applied to
the same controlled vehicle dynamics. The explicit Euler
method is used as a cheap low-fidelity solver, while the
classical fourth-order Runge—Kutta method is used as a more
accurate reference solver. Both methods are standard one-
step methods for ordinary differential equations; see, for
example, [13]. In this sense, RK4 serves as the high-fidelity
model relative to Euler.

Both solvers are evaluated for the same uncertain input
z = (sy,) and return discrete trajectories on the same
output time grid. We write

u"(2) = upye(2) ,  u"(2) = urka(2) -

This intentionally simple setup is used to demonstrate
that the bi-fidelity approach can achieve reasonable approx-
imation accuracy with a substantially reduced number of
high-fidelity evaluations. It is not intended as a detailed
computational cost benchmark against direct high-fidelity
Monte Carlo.

C. Experimental Setup

For all experiments, we use M = 3000 training samples to
construct the low-fidelity snapshot matrix and select N = 15
samples for high-fidelity evaluation. The choice of N is
based on preliminary numerical tests: although the singular-
value decay indicates an effectively low-dimensional trajec-
tory ensemble, the bi-fidelity approximation still improves up
to about N = 15, while larger values did not lead to a sig-
nificant improvement of the final-time quantities considered
here. The approximation is evaluated on an independent test
set of 1000 samples, and all reported values are averaged over
several random seeds. The test samples are drawn from the
full correlated noise model and are identical for all candidate-
set construction strategies.

The trajectories are computed on the time interval [0, 100]
using 500 equidistant time points. This relatively long time
horizon is chosen such that solver discrepancies between the
Euler low-fidelity model and the RK4 high-fidelity model can
accumulate and become visible in the final-time quantities of
interest.

We vary the vehicle speed in the range

v € {20,25,30,40} m/s .

Smaller velocities are not used as main test cases, since
preliminary experiments showed that the low- and high-
fidelity solutions are already close in this regime and the
bi-fidelity correction gives no substantial improvement.

The uncertain initial condition is sampled according to

2o ~N(0,1) , yo~N(0,1), ¢o~N(0,(1°)?)

For the deterministic variants, samples from these Gaus-
sian distributions are generated using the Dirac mixture
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Fig. 3. Final-time endpoint samples for vy = 20m/s. The bi-fidelity
reconstruction pr (@ (T')) (red) (construction with D-I x «) is much
closer to the high-fidelity reference p7 (u’? (T')) (black) than the low-fidelity
model pr(u”(T)) (blue).

approximation method of [14]. The initial heading angle
is sampled from a normal distribution because its standard
deviation is small. For larger angular uncertainties, a circular
distribution such as the von Mises distribution would be more

appropriate.
The steering perturbation has standard deviation o, = 1°
and temporal correlation factor ¢, = 0.1, corresponding

to a correlation length of approximately 50 time steps.
For the KLE-based perturbation models, we use R = 10
retained modes. Larger numbers of retained modes were
also tested, but did not lead to an improvement in the
final-time quantities considered here. In the repeated-product
construction, 300 deterministic initial-condition samples are
combined with 10 deterministic perturbation trajectories,
yielding again 3000 training samples. This split was chosen
because it gave the best performance among the tested
product decompositions while keeping the total training size
fixed.

See Fig. 1 for a visualization of the low-, high-, and bi-
fidelity trajectories originating from one exemplary input 2z
and furthermore Fig. 3 for the end points pr(u(I")) from all
trajectories u(T").

D. Results

We compare the error in the Monte Carlo estimate of the
final-time mean, as defined in (3), for different sampling
strategies of the low-fidelity candidate set I'. The results are
reported for different vehicle speeds in Table 1.

TABLE 1
MONTE CARLO MEAN ERROR FOR DIFFERENT VEHICLE SPEEDS.

VH LoFi D-I D-IIR-a D-IID-a D-I X« Rand
20 520.17 3.31 4.99 1.73 0.93 8.78
25 | 1466.38 1.49 19.10 1.63 1.55 20.92
30 | 2436.60 18.17 95.86 16.46 18.82  62.12
40 | 4522.81 101.04 24.82 92.35 95.68  32.16

Vehicle speed vy is given in m/s. All error values are in meters. The
best result for each vy is shown in bold.

The abbreviations in Table I are defined as follows. LoFi

denotes the direct low-fidelity estimator. D-I uses deter-
ministic initial-condition samples s, and zero steering per-
turbation. D-I/R-a combines deterministic initial-condition
samples with randomly sampled perturbation trajectories
a. D-I/D-« pairs deterministic initial-condition samples di-
rectly with deterministic KLE perturbation samples. D-I x
a denotes the repeated-product construction, where each
deterministic initial-condition sample is combined with all
deterministic KLE perturbation trajectories, see also Fig. 3.
For this construction, the total number of candidate samples
is the product of the number of deterministic initial-condition
samples and deterministic perturbation samples, so the split
between both sample sets can affect the result. Rand denotes
fully random sampling of both initial conditions and pertur-
bations.

The results show that the low-fidelity estimator alone has
a large bias for the final-time mean, especially as the vehi-
cle speed increases. The bi-fidelity approximation strongly
reduces this error for all tested velocities. For vy = 20,25,
and 30m/s, at least one deterministic construction clearly
outperforms the fully random baseline. The strongest im-
provement is observed for vy = 20 m/s, where the repeated-
product construction reduces the MC mean error from 8.78 m
for random sampling to 0.93m. For vy = 25m/s, the
deterministic variants based on initial-condition sampling
and KLE perturbations perform similarly well and are much
more accurate than the random baseline. At vy = 30m/s,
the deterministic KLE construction remains the best method
among the tested strategies.

At vy = 40m/s, the behavior changes. The deterministic
KLE-based constructions no longer outperform the random
baseline, and the best result is obtained by deterministic
initial-condition sampling combined with random perturba-
tion trajectories. This indicates that the reduced performance
at vy = 40m/s is not only caused by the sampling strategy.
At this velocity, the low- and high-fidelity trajectory spaces
appear to be less compatible, so the coefficient transfer
becomes more difficult.

Although the random perturbation has a much higher
effective noise rank than the KLE-based deterministic per-
turbations, the resulting trajectory snapshot spaces remain
low-dimensional. Thus, the dynamics strongly compress the
stochastic input. However, the 40m/s case shows that low
rank alone is not sufficient; the low- and high-fidelity spaces
must also be well aligned. Based on Bjorck and Golub [15],
we therefore compare the principal angles between span(S¥*)
and span(S*). The largest angle increases from about 3° at
20m/s to about 13° at 30m/s, but reaches about 22°-26°
at 40 m/s. This indicates weaker subspace alignment at the
highest velocity. Therefore, even if deterministic sampling
finds a good basis in the low-fidelity space, this basis may
not be equally suitable for the high-fidelity space, and the
coefficient transfer can become less reliable.

As an additional robustness check, we compare Algo-
rithm 1 and Algorithm 2 for the repeated-product sampling
strategy. Algorithm 1 corresponds to QR with column piv-
oting, while Algorithm 2 applies the strong RRQR column-



exchange procedure. The results are shown in Table II. Both
selectors lead to very similar MC mean errors. Algorithm 2
performs only a small number of additional swaps and does
not consistently improve the final-time mean estimate.

This is plausible because the selector chooses columns
based on the low-fidelity snapshot matrix, whereas the re-
ported error measures the accuracy of the final-time mean
after the full bi-fidelity reconstruction. Therefore, an im-
proved column selection in the linear-algebraic sense does
not necessarily imply a smaller MC mean error. Overall, the
comparison indicates that the main results are not strongly
dependent on the particular choice between Algorithm 1 and
Algorithm 2. Together with the principal-angle results, this
suggests that the poorer performance at 40m/s is mainly
caused by weaker low-/high-fidelity subspace alignment
rather than the column-selection method.

TABLE I
SELECTOR COMPARISON FOR REPEATED-PRODUCT SAMPLING.

vy | Algorithm I Algorithm 2 swaps
20 0.93 1.07 2
25 1.55 1.72 2
30 18.82 18.70 4
40 95.68 95.68 0

vy is given in m/s. Algorithm 1 and Algorithm 2 report epc in meters.
The last column gives the number of additional swaps performed by
Algorithm 2.

V. CONCLUSION

This paper studied a trajectory-based bi-fidelity approach
for uncertainty propagation in a controlled vehicle test case.
The results show that the bi-fidelity approximation strongly
reduces the error of the low-fidelity estimator while requiring
only a small number of high-fidelity evaluations.

Deterministic sampling improves the result in several cases
and can provide a better low-fidelity trajectory basis than
random sampling. However, this is not guaranteed for all
parameter regimes. At 40 m/s, the principal-angle diagnostic
shows a weaker alignment between the low- and high-fidelity
trajectory spaces. In this case, the main limitation is not only
the sampling strategy, but the reduced compatibility between
the two fidelity models. Thus, a good low-fidelity basis alone
is not sufficient for reliable coefficient transfer.

Future work should therefore investigate more system-
atically under which conditions the low- and high-fidelity

trajectory spaces are well aligned. This is important because
the success of the bi-fidelity reconstruction depends on the
transferability of low-fidelity coefficients to the high-fidelity
space. Such an analysis could help to identify when the bi-
fidelity assumption is valid and when a different or improved
low-fidelity model is required.
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