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Abstract— This paper considers recursive state estimation
for two-dimensional maneuvering extended object tracking
from point-cloud measurements. The system state comprises
Euclidean-valued kinematic and shape variables as well as a
heading angle evolving on the unit circle S'. In contrast to the
Euclidean state components, the heading angle is intrinsically
directional and periodic. Hence, it cannot be consistently
modeled as an ordinary Euclidean random variable. To address
the resulting mixed Euclidean—directional estimation problem,
we propose and compare two filtering approaches. First, a
parametric filter based on directional statistics models the joint
state probability density function using a partially wrapped
normal distribution. Its properties relevant to sampling-based
recursive estimation are investigated, including sample genera-
tion and parameter estimation. Second, a nonparametric tensor-
decomposition-based grid filter discretizes the complete state
space on a regular grid while representing the high-dimensional
discrete probability density tensor in decomposed form, thereby
mitigating the computational burden associated with conven-
tional full-grid filtering. Both approaches are evaluated in an
extended object tracking scenario based on a coordinated-turn
motion model. Estimation accuracy is compared to characterize
the trade-off between structured parametric directional mod-
eling and flexible tensor-decomposition-based nonparametric
density estimation.

Index Terms— Bayesian inference, extended object tracking,
directional statistics, tensor decomposition.

I. INTRODUCTION

Modern spatially resolving sensing systems frequently
provide multiple measurements originating from different
locations of a single physical object, rather than only one
centroid-related observation. In such cases, the object cannot
be adequately represented as a point target, since its spatial
extent contains relevant information that should be estimated
jointly with its kinematics. This setting gives rise to the
problem of extended object tracking (EOT), in which the
dynamically evolving motion state and the object extent
are recursively inferred from sets of spatially distributed
measurements [1], [2]. Beyond established applications in
robotics and autonomous systems, EOT is also relevant
to particle measurement and sensor-based sorting, where
recursively estimating particle motion and morphology from
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spatially resolved observations can support downstream char-
acterization and sorting tasks [3], [4].

In this paper, we consider planar maneuvering EOT from
noisy point-cloud measurements generated at an object’s
boundary. The object’s kinematic state, heading angle, and
spatial extent are recursively estimated from successive mea-
surement sets. Unlike point-target tracking, the measurement
likelihood depends jointly on the object’s kinematic state,
orientation, and extent. Therefore, these quantities must be
inferred within a joint probabilistic estimation framework.

A central challenge is that the state is defined on a
mixed Euclidean—directional space. Position, velocity, and
extent variables are Euclidean, whereas the heading angle is
periodic and lies on S*. Treating this angle as Euclidean may
introduce artificial discontinuities at the angular boundary
and misleading uncertainty representations. This issue is par-
ticularly relevant in EOT, where the nonlinear measurement
likelihood couples uncertain orientation and spatial extent,
inducing strongly non-Gaussian posterior densities.

State-of-the-art: Various approaches have been pro-
posed for representing and recursively estimating extended-
object shapes. Random-matrix-based approaches represent
an elliptic extent by a positive-definite random matrix,
yielding compact models for joint motion and extent esti-
mation [5]. Random Hypersurface Models (RHMs) instead
relate measurements to randomly scaled points on a shape
boundary, enabling explicit estimation of elliptic and star-
convex extents from spatially distributed measurements [2].
To represent more complex shapes, level-set RHMs have
been introduced for nonconvex targets [6], while Gaussian-
process-based contour models allow star-convex boundaries
to be learned online [7]. More recently, implicit inside—out
representations based on the stochastic medial axis transform
have been investigated for Bayesian EOT, particularly for
elongated object extents [8]. Nevertheless, when the state of
a maneuvering object includes an uncertain heading angle,
the probabilistic representation must additionally account for
the circular structure of the orientation variable.

Directional statistics [9], [10] provides a principled ba-
sis for modeling random quantities on periodic domains.
For planar orientations, distributions such as the wrapped
normal and von Mises distributions [11], [12] avoid the
artificial boundary effects that arise when angles are treated
as unconstrained Euclidean variables. For states contain-
ing both circular and Euclidean components, the partially
wrapped normal (PWN) distribution extends wrapped-normal
modeling to mixed state spaces and captures angular-linear
correlations within a single joint parametric density [13].



Its hybrid moments further provide a practical basis for
reconstructing the density parameters from weighted sam-
ples. This construction is well suited to the planar heading-
angle representation considered here, whereas general three-
dimensional orientation uncertainty evolves on SO(3) and is
not intrinsically represented by a PWN density.

Grid-based density representations provide a flexible non-
parametric alternative, as they can capture skewed or mul-
timodal probability density functions (PDFs) without pre-
scribing a parametric family. This flexibility is particularly
relevant to maneuvering EOT, where nonlinear measurement
updates may produce posterior structures that are difficult to
represent compactly. Moreover, the heading dimension can
be discretized periodically to respect its circular topology.
However, a full discretization of the state space leads to
a high-dimensional probability tensor whose storage and
computational costs grow rapidly with the state dimension
and grid resolution. Tensor decompositions mitigate this
limitation by approximating the full tensor through low-rank
factors [14]. Such representations have been employed in
recursive Bayesian grid filtering for Euclidean state spaces,
as introduced in [15] and subsequently extended and in-
vestigated in [16], [17]. More recently, tensor-decomposed
regular-grid filtering with Fokker—Planck prediction has been
extended to cylindrical manifolds by treating the angular
dimension periodically in the finite-difference representa-
tion [18]. This provides a natural basis for the proposed
nonparametric method for mixed Euclidean—directional EOT.

Motivation: Although directional-statistical and tensor-
based representations provide principled means of handling
periodic heading uncertainty, their comparative performance
in point-cloud-based maneuvering EOT remains to be as-
sessed under a common estimation task. In particular, it is of
interest how the compactness of a parametric representation
compares with the flexibility of a nonparametric density
model when jointly estimating kinematics, heading, and
spatial extent. Addressing this question is our central focus.

Contribution: We formulate and compare two recur-
sive estimators for maneuvering Bayesian EOT on a mixed
Euclidean—directional state space. The first estimator, termed
the partially wrapped normal filter (PWNF), employs a PWN
density to jointly represent a single heading angle and Eu-
clidean kinematic and extent variables. Prediction and filter
update are performed by sample-based recursive processing
followed by hybrid-moment-based parameter reconstruction.
This provides compact uncertainty representation at the cost
of being restricted to the PWN family.

The second estimator, termed the tensor-decomposed
grid filter (TDGF), represents the joint state density non-
parametrically on a regular product grid with a periodic angu-
lar dimension. To mitigate the computational burden of full-
grid filtering, the discrete probability tensor is represented in
canonical polyadic decomposition (CPD) form as a weighted
sum of rank-one outer products of one-dimensional loading
vectors. The TDGF therefore retains the flexibility of a grid-
based density representation while exploiting a separable
low-rank structure for computational tractability.

Both estimators are evaluated in a coordinated-turn sce-
nario [19], highlighting the trade-off between compact para-
metric and flexible nonparametric density representations.

II. PROBLEM FORMULATION

Throughout this paper, scalars are written without under-
lining, vectors are underlined, and matrices are boldface.
Random scalars and vectors are additionally written in bold-
face, while the corresponding realizations are written in reg-
ular font. We consider recursive estimation of a maneuvering
extended object in a two-dimensional Cartesian environment
from sequentially acquired point-cloud measurements. At
time step k, the system state is represented by
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where ‘c;,, € R? denotes the object center in the inertial

frame, vy, Icpk, and wy denote its translational speed,
heading angle, and turn rate, respectively, and s, contains the
extent parameters. Since the heading angle is defined modulo
27, it is naturally associated with the unit circle S!. Hence,
the state takes values in the mixed Euclidean—directional
space X = R"® x S! of dimension Dy = ng + 1, where ng
denotes the Euclidean component dimension. Accordingly,
any state density expressed in terms of the angular coordinate
Iy, must be 27-periodic in that coordinate.

At each discrete time step k, the measurement process
is described by N random measurement vectors {ngi €

RQ}fvz"l. Their corresponding realizations constitute the ob-
served point-cloud measurement set )y, = {ng . € R2} N
In contrast to point-target tracking, the measurements are
modeled as noisy observations of spatially distributed sources
along the object boundary rather than of the object center
alone. Let 9S(s;,) C R? denote the object boundary in the
body-fixed frame B, parameterized by the extent state s,,.
Each measurement is associated with a latent random source
point Bz, ; € 8S8(s;), i = 1, ..., Ni. The corresponding
source in the inertial frame is obtained by transforming the
body-frame source point according to the object pose, i.e.,

I I COS(ICPk) - Sin(IS"k)
R =|. ,
2000 = Lin(lp)  cos(lip,)
Iék,i ='c, + Rp(pp) Bék,i . (2)

Each random measurement vector is modeled as a noisy
observation of the corresponding boundary source point
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i
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where the measurement noises are independently dis-
tributed as v, ; ~ N(0,C"), and C” denotes the Carte-
sian measurement-noise covariance. Thus, the measurement
model directly depends on the object center ‘c,,, the heading
angle Icpk, and the extent parameters s,. The speed v and
turn rate wy, affect the measurements indirectly through the
temporal evolution of the position and heading.

Between consecutive measurements, the state evolves ac-
cording to the continuous-time Itd stochastic differential



equation

dz(t) = ¢(z(t),t) dt + G(z(t),t) dB(t), (4

where (-, ) denotes the drift vector, G(,-) is the diffusion
matrix, and 3(t) is a Brownian motion process satisfying
E{dB(t) g’ (t)} = Q(t) dt. The angular component of (4)
is interpreted modulo 27. Alternatively, a discrete-time state
model is given by

Ty, = ap(z)_1) +wy, 5

where w,, denotes the system noise.

Recursive Bayesian estimation propagates and updates the
state PDF over time. The posterior density after incorporating
the measurement sets V., = {J1,..., YV} is denoted by

faezk( ) fmk(mk|y17"'7yk):f£k(£k|y1:k)7 (6)
whereas the predicted density before incorporating Y, is
fo, (@) = fa, @k [ Vik-1) - (7

Each filtering cycle consists of a prediction step ff_; — ff
followed by a measurement update fy — f£.

Under (4), the state density evolves according to the
Fokker—Planck equation (FPE)
Ofw(a,t)
o =)
Dx 0O
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D(z,t) = G(z,1) Q(t) G (z.1) - ©)

Here, £ denotes the Fokker—Planck operator acting on the
state density, and D(z,t) is the diffusion tensor defined in
(9). For the circular component, periodic boundary condi-
tions are imposed. Integration over two consecutive measure-
ment instants yields the predicted density [ v, from fe

For the discrete-time system model (5), predlctlon follows
from the Chapman—Kolmogorov equation

L) = [ ez,

Under the standard conditional-independence assumption,
Bayes’ rule gives

(zp—1)dzy_y. (10)

Ja, (@p) o< f Ve | zp) 12, (1) - (1)
Assuming conditionally independent measurements,
f O [ ay) = H Fy, (B T2 (12)

For later use, define the individual likelihood contribution as

sz(xk) fy (gk’z |£k>’

Once this likelihood function fi,(z,,) is explicitly obtained,
it can be incorporated into a recursive Bayesian filter.

13)

III. KEY IDEAS AND GROUNDWORK

This section summarizes the two density representations
underlying the estimators considered in this work: the para-
metric PWN distribution for mixed Euclidean—directional
states and a tensor-decomposed grid representation for non-
parametric density approximation.

A. The Partially Wrapped Normal Distribution

The PWN distribution represents mixed circular-linear
random vectors by wrapping selected dimensions of an
underlying multivariate normal distribution modulo 27 [13].
Let ¢ =[9",£"]" € (S")™ x R*™, where, for notational
convenience, the m circular components are placed first in
this PWN coordinate representation. Its density is

JENG 1 ©) =3 N (G, O g

where ;1 and C denote the location and covariance pa-
rameters of the underlying Gaussian representation. The
parameters are partitioned according to the circular and linear
components as

My _ |G

E [Me] - © {Cg—é

Due to wrapping, p and C are generally not the Euclidean

mean and covariance of ¢. Nevertheless, My and Cyy param-

eterize the wrapped-normal marginal, u M, and Cy, the Gaus-
sian marginal, and Cy, their circular—linear dependence

Dirac-mixture representation: Let {(u),w()}N=| be

a Dirac-mixture approximation of N (u, C), with w(r) 2 0

and ny:sl w™) = 1. The corresponding PWN support points

are obtained by wrapping only the circular coordinates of

g(’") modulo 27,

) = [(wrapa ) ()]

while retaining the weights w ().

Hybrid moments: For the single circular component
considered here, direct Euclidean moments are inappropriate
because the angular representation is periodic. In particular,
angles near 0 and 27 represent similar directions but are
far apart in their scalar representation. We therefore employ
a sine—cosine embedding, which removes this artificial dis-
continuity before moment matching. Given weighted PWN
samples s(") = [sg), (§§T))T}T Ny, the hybrid
embedding is defined as

C), (14

CM]

Cye (15

(16)

,r=1,...,

5" = [cos(sy (), sm(sg)), (§§T))T}T (17)
The corresponding weighted hybrid moments are
C s =TT N () 2
B = [/”‘COS? Hsin » HZ] _Zr:1w S, (18)
- N,
— w0 )z )T
C=3 " wE" - pE" - (19)

The pair (ficos, fisin) determines the mean direction and
mean resultant length of the circular component, while the
remaining moments characterize the linear components and
their dependence on the heading.



Parameter estimation: For a single circular component,
the PWN parameters are obtained by hybrid-moment match-

ing [13, Sec. III-D]. With R = \/ji,, + ii%,,, the circular
location and uncertainty parameter are estimated as

ﬂﬂ = Wrapo, (atan2(ﬂsin7 ﬁcos)) 01919 = -2 1Og( ) (20)

The linear mean and covariance block are directly matched
as Hﬁ = g and CN = CN, whereas the circular—linear

correlation cross block CM is reconstructed according to
Cor = exp (g9 /2) (= sin(fiy) Ceos.t + c08(fig) ésinx) .

Thus, the reconstructed uncertainty parameter is
& [ess C
o [Aﬂ_? AM:| _
Cl%

877,
Here, CCOS} ¢ and Csin’ ¢ denote the covariance blocks between
the embedded circular and the linear components.
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B. Tensor-Decomposed Grid Representation

Unlike the parametric PWN model, a grid representation
approximates the state density non-parametrically and can
therefore capture non-Gaussian and multimodal distributions.

Regular grid design: Each Euclidean component z4 is
restricted to a bounded interval [¢7", £M%] and discretized
by Ny equidistant nodes, whereas the heading angle is
discretized on an endpoint-exclusive periodic grid with N,
nodes. The resulting discrete state PDF is stored as a D x-
way tensor P € RN1X*NngXNo  The endpoint-exclusive
angular grid avoids duplicating the equivalent angles 0 and
2m and supports periodic finite-difference operators. Nor-
malization and moment evaluation use the corresponding
product-grid quadrature weights.

Curse of dimensionality: The flexibility of the regular-
grid representation comes at the cost of exponential storage
and computational complexity. The full tensor contains Ny x

- X Npy x N, entries, which reduces to O(NPx) for a
uniform grid with N nodes per dimension. Hence, direct
full-grid filtering is computationally demanding for the joint
kinematic—extent state considered here [16], [17].

Kronecker-structured operators: Efficient density prop-
agation on high-dimensional product grids requires avoiding
the explicit construction of prohibitively large full-space
evolution operators. For notational simplicity, assume N grid
nodes per state dimension and define the vectorized grid
density as p = vec('B) € RY "* The discretized density
evolution is given by

d

—p(t) =Lp(t

5ot =Tp(),
If the underlying coefficient functions are separable or re-
placed by a low-rank separable approximation, the resulting

discretized operator can be written as a sum of Kronecker
(23)

products,
- ®,
OFN

Here, M, denotes the number of separable terms, and A ;
a one-dimensional differentiation, multiplication, or identity

L ¢ RV7¥xXNP¥ (22)

Ay) ; Ay) c RNXN )

operator acting along dimension d. This structure enables the
action of L to be evaluated through one-dimensional factors
without assembling the full-space matrix.

While the Kronecker structure in (23) enables efficient
evolution operator application, the full density tensor 13
still suffers from exponential storage cost. Therefore, 3 is
approximated in CPD format [14], [20]. Under the uniform
node-count notation, the D y-way tensor is represented as a
weighted sum of rank-one outer products,

LRI

where R is the decomposition rank, A, is the r-th rank-one
component weight, and p, —denotes the loading vector in
the d-th dimension. Equlvalently, after vectorization,

)~ ZT:I Ar ®d:Xl Ly

Although each rank-one term is separable, their weighted
sum can capture dependencies across state dimensions.
Hence, CPD does not enforce mutual independence unless
only a single rank-one component is retained.

Structured operator application: The CPD format is
particularly compatible with the Kronecker operator repre-
sentation in (23). Inserting (25) into the action of L yields

M R D
Lp~ Ze:l Zr:l Ar ®d:1 (Ag)ﬁdvr) '

Thus, each separable operator acts only on one-dimensional
loading vectors, avoiding the construction of the full tensor
and full-space matrix. Since these operations may increase
the decomposition rank during propagation, rank reduction
[21] is applied to maintain tractability.

Storage complexity: Under the uniform N-node as-
sumption, a rank- R CPD representation requires O(RDx N)
parameters plus R component weights, compared with
O(NPx) entries for the full tensor. For moderate R, the
storage scaling is therefore reduced from exponential in the
state dimension Dy to linear in both Dy and N.

Aepyopy 0o, o py, €RY,(24)

x,T

p = vec('P (25)

(26)

IV. RECURSIVE ESTIMATION FOR THE
POLAR COORDINATED-TURN MODEL

This section specializes the two estimators, PWNF and
TDGF, to an elliptic extended object with polar coordinated-
turn kinematics [19]. The state is defined in (1), and the
extent is parameterized by logarithmic semi-axis variables
s, = [sf, sk] . The physwal semi-axis lengths are given by
af = exp(sf) and b, = exp(s k) This exponential mapping
exp(-) guarantees positive semi-axis lengths while keeping
the extent state unconstrained.

A. Polar CT Motion Model and Ellipse Likelihood

Both estimators share the coordinated-turn kinematics but
use different prediction representations. The PWNF prop-
agates samples with the discrete-time model (5), whereas
the TDGF propagates the density through the continuous-
time Fokker-Planck model (8). For the PWNF, the polar
coordinated-turn model is applied to the kinematic state
(el v, Loy, wi] . Let [, denote the nominal transition



for zero longitudinal and angular acceleration and GIQD(I@)
the corresponding zero-order-hold input matrix [19, Eq. (4),
(5)]. Including the constant extent parameters yields

= gy 1) + Gi(on1) wy. . 27)
with
g(z) = {fp(lc,u,fgo,w)} &2l [(i,)g(fw)} o
s 2x2
The process-noise input is
wy, = [@, &) ~N(0, diag(o2, 02)),  (29)

where a, and &y are piecewise-constant longitudinal and
angular acceleration inputs over the sampling interval At.
Their one-step contributions satisfy Var(Av) = 02At? and
Var(Aw) = o2 At2.

For the TDGF, a continuous-time white-noise acceleration
model with the same nominal coordinated-turn kinematics
is employed. With zero deterministic acceleration input, the
drift vector in (4) is

y(g(t),t) = [v cos(fp) ,vsin(lp) ,0,w, 0,Q2T

Process uncertainty acts in the v- and w-directions, with

IEY!

a_f0o 0100 OQTT Q:|:O'2

2.0
0000 1 0y 003]'(31)

To match the one-step process uncertainty of the discrete-
time model in the directly driven states v and w, the diffusion
parameters are chosen as

2 _ 2 2
o, =0;At, o

2 =g2At. (32)

Together with (30), these matrices define the Fokker—Planck
prediction model used by the TDGF.

The measurement likelihood is formulated using the Spa-
tial Distribution Model (SDM) [22, Eq. (10)], where the
unknown association between a measurement and its gener-
ating boundary point is described probabilistically. A source
parameter is drawn according to a spatial distribution on
the object boundary, and the corresponding boundary point
is then corrupted by additive Gaussian measurement noise.
Thus, the source parameter acts as a nuisance variable that
is marginalized in the likelihood. For an elliptic extent, a
boundary point in the body-fixed frame is parameterized by

B2(0, sp) = [ay, cos(8), by sin(@)]T, 6 €[0,2m). (33)

The corresponding point in the inertial frame is

Th(zy, 0) = e, + R (o) P2(0, 5,) -

(34)

The likelihood of an individual measurement Ig .. ; 1s obtained
by marginalizing the unknown source parameter 0,

27
fhte) = [ NG, 3 bl 6).C7) 10 22) b
' (35)
Here, C¥ denotes the measurement noise covariance. In
this work, the source parameter is assumed to be uniformly
distributed on [0, 27), i.e., f(0 | z;) = 1/(2).

B. Application of the Partially Wrapped Normal Filter

The PWNF represents predicted, posterior, and intermedi-
ate densities in the PWN coordinate convention introduced
in Sec. III-A. At time step k — 1, the posterior density is
therefore approximated as

. fPWN PN A
f;kfl@kq) ~ fg (Zg_1; Hz,p k1)

For prediction, a weighted support-point approximation is
generated from this PWN density and propagated through the
discrete-time transition model in (27), including the process-
noise input. The angular component is wrapped modulo
2m after propagation, and the predicted PWN parameters
(gi,ég) are reconstructed from the propagated support
points by hybrid-moment matching.

The measurement update is performed progressively [23],
[24] to avoid incorporating the complete measurement-set
likelihood at once. For a progression parameter v € [0, 1],
we define the progressive likelihood function

fW(Jﬁ;|£k)::IIifl[ftiC£kﬂw'

Following [23, Eq. (10)], the update from ~ to v 4+ A~
is realized by applying the incremental likelihood factor
A7V | z3). At each progression step, equal-weight
deterministic samples are generated from the current PWN
approximation by applying deterministic Gaussian sampling
[25] to the underlying normal distribution and wrapping the
circular component. The sample weights are then multiplied
by the incremental likelihood f27() | z;). The step size
A~ is chosen such that the ratio between the smallest and
largest nonzero updated weights remains above a threshold
7, analogous to [24, Sec. IV-C]. After normalization, a new
PWN density is fitted by hybrid-moment matching. This
procedure is repeated until v = 1. Thus, the update can be
interpreted as a mixed circular—linear version of progressive
Gaussian filtering [23], where the intermediate posterior
approximations are represented by PWNs.

(36)

(37

C. Application of the Tensor-Decomposed Grid Filter

The TDGF represents the state density on the regular
product grid introduced in Sec. III-B. The posterior density
tensor at k — 1 is stored in the CPD form of (24)

R
e ~ rye r_e - r _e
Ph1 ~ Zrzl Ak-1 Prr—1°"""° Ppa—1- (38)

Under the rigid-shape assumption, the shape parameters
have zero drift and diffusion during Fokker—Planck predic-
tion. Hence, the continuous FPE in (8) reduces to

afg(gat) _ —’UCOS(I(,D) af& —vsin(Iga) afﬂ _wafﬁ
ot 8ch aIcy 8190
02 fy 02 0%fs
+ 2 2 2 dw? (39)

For the present coordinated-turn model, the Fokker—Planck
operator admits an exact finite separable representation be-
cause the drift coefficients v cos(‘p) and v sin(%p) factor into
products of one-dimensional functions, while the remaining
transport coefficient w depends on a single state dimension



and the diffusion coefficients are state independent. For
example, the term —uv cos(p) O fz /0%, is represented by a
first-derivative finite-difference matrix in the ‘c, dimension,
diagonal multiplication matrices for v and cos(’p) in their
respective dimensions, and identity matrices in all remaining
dimensions. The remaining transport and diffusion terms
are constructed analogously. Periodic finite differences [18,
Eq. (10)] are used for the heading dimension, while non-
periodic finite differences are used on the truncated Eu-
clidean domains. After finite-difference discretization, the
operator L takes the Kronecker-structured form (23). Its
separable terms correspond to transport in c, ‘c,, and p,
and diffusion in v and w. The one-dimensional factors con-
sist of finite-difference matrices and diagonal multiplication
matrices containing the grid values of v, w, cos(’p), and
sin(’p). Periodic finite differences [18, Eq. (10)] are used for
the heading dimension, while non-periodic finite differences
are used on the truncated Euclidean domains.

Formally, prediction over one interval At is given by
the matrix-exponential density propagation [16, Eq. (13)]
pP = exp(AtL)p; . Following the Kronecker-product
approximation strategy of [16, Eq. (17)], neither the full
operator L nor the full matrix exponential is explicitly
formed. Instead, the separable operator terms in (23) are
applied directly to the 1D CPD factors using a Taylor
approximation with Ng,}, temporal substeps of length 7 =
At/Ngyp. Since each Taylor contribution remains separable
but increases the intermediate CP rank, rank pruning and
final CPD compression are applied to obtain the predicted
low-rank density tensor J3}.

For the measurement update, the TDGF applies (11) on
the product grid. Since the ellipse likelihood depends directly
only on position, heading, and extent, it is evaluated on the
subgrid (‘c,., e, kp, 5%, sb) and extended to the full state grid
by unit factors in the v- and w-dimensions. This yields a CPD
approximation £, of the likelihood in (12) without redundant
evaluations in unobserved dimensions.

The pointwise Bayesian update is then given by 7 oc
PBr © £, where © denotes elementwise multiplication. In
CPD form, this multiplication is realized by pairwise prod-
ucts of component weights and elementwise products of
the corresponding loading vectors. This procedure increases
the intermediate CPD rank. After normalization with the
product-grid quadrature weights, the posterior tensor is com-
pressed back to the prescribed CPD rank to control rank
growth and obtain 7.

V. EVALUATION

We evaluate the proposed filters in the planar maneuvering
EOT scenario described in Sec. IV using 30 independent
Monte Carlo runs. Fig. 1 illustrates one representative run.
Positions and semi-axis lengths are measured in m, speed
in m/s, heading in rad, and turn rate in rad/s. The log-
arithmic extent variables are unit-free length ratios, with
5% =log(a®/1m) and s® = log(b® /1 m).

The ground-truth trajectory starts from

x, = [0, 0, 10, 7/6, 0.05, log(15), log(6)] " . (40)

The logarithmic extent entries correspond to physical semi-
axis lengths of 15m and 6 m, normalized by the reference
length 1 m. To assess convergence under a biased initializa-
tion, each filter is initialized with an imperfect prior mean

&y = [15, —15, 10, /5, 0.057, log(10), log(10)] T . (41)

The stochastic coordinated-turn model of Sec. IV is used
with 0z = 0.5m/s? and o5 = 0.15rad/s®>. The PWNF
employs the discrete-time model in (27), whereas the TDGF
uses the corresponding continuous-time drift and diffusion
model in (30) and (31). Each run comprises K = 200
time steps with a sampling period of At = 0.2s. At each
step, 50 noisy measurements are generated from spatially
distributed source points on the elliptic boundary according
to (3). The measurement noise is isotropic with standard
deviation o, = 2m in each Cartesian coordinate, i.e., C¥ =
021, = 4m?I,. Complete target visibility is assumed,
without clutter, false detections, or missed detections.

The TDGF employs a regular product grid of 80x80x10x
72x10x20% 20 nodes for (‘c,, e, v, lp, w, 5%, s®). Its ini-
tial density is represented by an independent rank-one CPD,
formed from one-dimensional Gaussian marginals for the Eu-
clidean state components and a wrapped Gaussian marginal
for the heading angle. Fokker—Planck prediction uses a third-
order Taylor approximation of the matrix-exponential action
with Ngyp = 2 temporal substeps, followed by compression
to the nominal target rank R = 8.

Estimation accuracy is evaluated using the time-dependent
Root Mean Square Error (RMSE) for each state component
over all Monte Carlo runs. For the heading, the error is
computed as a wrapped angular difference to avoid artificial
discontinuities at the 27 boundary,

QO;(;”) ), COS((ﬁggm) 7905;”) )) ) (42)

We include the Multiplicative Error Model (MEM)-
Extended Kalman Filter (EKF)* as a state-of-the-art baseline.
It represents orientation as part of the shape state and prop-
agates the corresponding covariance [26, Eq. (2)]. Using the
multiplicative-error measurement model [26, Eq. (5)], it up-
dates the kinematic state directly from the measurements and
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Fig. 1: Ground-truth trajectory and measurements for one
representative Monte Carlo run over 200 time steps.



TABLE I: Recorded computational cost of the proposed
filters. Time/step denotes the mean recorded wall-clock pro-
cessing time per complete recursion step of one trajectory,
averaged over 30 independent Monte Carlo runs with K =
200.

Method Time/step [s] Relative time
PWNF 0.286 4+ 0.029 1.0x
TDGF 13.128 + 0.679 45.9%

the shape state from pseudo-measurements based on second-
order residuals [26, Eq. (24)]. Its Gaussian formulation treats
the orientation angle as a Euclidean scalar. We further include
a Euclidean Unscented Kalman Filter (UKF) using the same
state vector and likelihood model as the PWNF. It models
all state components jointly by a Gaussian density without
wrapping or circular moments, thereby serving as a baseline
for assessing the effect of ignoring angular periodicity.

Fig. 2 shows the kinematic-state RMSE over time for
the different filtering methods. The UKF rapidly diverges
because it treats angular states as Euclidean random variables
and therefore neglects their circular nature. Both proposed
methods remain stable, but show different characteristics.
The PWNF exhibits noticeable fluctuations in the position
and heading-angle estimates, whereas the TDGF converges
more stably and yields smaller errors in these components.
In particular, the TDGF clearly outperforms the MEM-EKF*
in heading-angle estimation.

Fig. 3 shows the corresponding RMSE results for the
estimated shape parameters. The logarithmic shape variables
are first transformed to the physical semi-axis lengths ¢ and
b, and the RMSE is computed in meters. For both semi-
axis parameters, the TDGF quickly converges to very small
errors and remains stable throughout the evaluation interval.
Compared with the MEM-EKF*, the TDGF substantially
reduces the shape-estimation error.

Table I compares the recorded computational cost of
the two proposed filters. The compact parametric PWNF
is approximately 46 times faster than the nonparametric
TDGF in the recorded implementations. This illustrates the
computational cost associated with the more flexible product-
grid density representation of the TDGF.

Table II compares the nominal configuration with lower-
and higher-rank variants as well as coarser and finer grids.
Each configuration uses 4 Monte Carlo runs with K = 50
time steps and 50 measurements per step. Increasing the
rank beyond R = 8 yields only marginal changes, while
finer grids improve most metrics at substantially higher
computational cost. Although the retained CPD storage in-
creases linearly with the target rank for a fixed grid, the
measured runtime is not monotonic in this experiment. The
runtime depends not only on the retained rank but also on
the convergence behavior of the iterative CPD compression
routine. Therefore, the observed timing differences should
not be interpreted as evidence that a higher target rank is
generally computationally cheaper.

VI. CONCLUSION

We compared the parametric PWNF and nonparamet-
ric TDGF for maneuvering EOT with mixed Euclidean—
directional states. The two approaches represent different
trade-offs between compact parametric modeling and flexible
nonparametric density representation. The results highlight
the importance of respecting angular periodicity. The TDGF
provides more stable position and heading estimates than the
PWNF and improves heading and shape estimation over the
considered MEM-EKF* baseline.

The present evaluation is limited to controlled simulations
with complete target visibility and clutter-free boundary
measurements. Extending the measurement model to account
for partial visibility, occlusions, clutter, false detections, and
missed detections is important for future work.
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